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ON THE BIRATIONAL GEOMETRY OF SPACES OF COMPLETE FORMS I:
COLLINEATIONS AND QUADRICS
ALEX MASSARENTI
Abstract. Moduli spaces of complete collineations are wonderful compactifications of spaces of
linear maps of maximal rank between two fixed vector spaces. We investigate the birational ge-
ometry of moduli spaces of complete collineations and quadrics from the point of view of Mori
theory. We compute their effective, nef and movable cones, the generators of their Cox rings, and
their groups of pseudo-automorphisms. Furthermore, we give a complete description of both the
Mori chamber and stable base locus decompositions of the effective cone of the space of complete
collineations of the 3-dimensional projective space.
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1. Introduction
Moduli spaces of complete collineations are compactifications of spaces of linear maps of maximal
rank between two vector spaces where the added boundary divisor is simple normal crossing. These
spaces were introduced and studied, along with their symmetric and skew-symmetric counterparts
called spaces of complete quadrics and complete skew-fomrs, by many leading algebraic geometers of
the 19th-century such as M. Chasles [Cha64], G. Z. Giambelli [Gia03], T. A. Hirst [Hir75], [Hir77],
H. Schubert [Sch86], and C. Segre [Seg84]. These algebraic varieties have been fundamental in enu-
merative geometry [LH82], and moreover they carry a beautiful geometry, enriched by symmetries
inherited from their modular nature.
During the 20th century, spaces of complete forms continued to be extensively studied both from
the geometrical and enumerative point of view by J. G. Semple [Sem48], [Sem51], [Sem52], J. A.
Tyrrell [Tyr56], I. Vainsencher [Vai82], [Vai84], S. Kleiman, D. Laksov, A. Lascoux, A. Thorup
[KT88], [LLT89], and M. Thaddeus [Tha99]. Furthermore, spaces of complete collineations are
central not only in the study of other moduli spaces such as Hilbert schemes and Kontsevich spaces
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of twisted cubics [Alg56], [Pie82], but also in their construction. Indeed, recently F. Cavazzani
constructed moduli spaces of complete homogeneous varieties as GIT quotients of spaces of complete
collineations [Cav16]. Finally, the birational geometry of the spaces of complete quadrics and their
relation with other moduli spaces such as Hilbert schemes and Kontsevich spaces of conics has been
carefully investigated by C. Lozano Huerta in [Hue15].
The aim of this paper is to investigate the birational geometry of moduli spaces of complete forms
from the point of view of Mori theory by exploiting their spherical nature. Roughly speaking, a
Mori dream space is a projective variety X whose cone of effective divisors EffpXq admits a well-
behaved decomposition into convex sets called Mori chambers, and these chambers are the nef cones
of birational models of X. These varieties, introduced by Y. Hu and S. Keel in [HK00], are named
so because they behave in the best possible way from the point of view of Mori’s minimal model
program.
Given a reductive algebraic group G and a Borel subgroup B, a spherical variety is a variety
admitting an action of G with an open dense B-orbit. A special class of spherical varieties are the so
called wonderful varieties for which we require the existence of an open orbit whose complementary
set is a simple normal crossing divisor. On a spherical variety we distinguish two types of B-invariant
prime divisors: a boundary divisor is a G -invariant prime divisor on X, a color is a B-invariant
prime divisor that is not G -invariant. Our interest in spherical and wonderful varieties comes from
the fact that they are Mori dream spaces and that spaces of complete forms are wonderful; we refer
to [Per14] for a comprehensive treatment of these topics.
In this paper, having fixed two K-vector spaces V,W respectively of dimension n ` 1, m ` 1
with n ď m over an algebraically closed field of characteristic zero, we will denote by X pn,mq the
spaces of complete collineations W Ñ V and we will set X pnq :“ X pn, nq, and by Qpnq the space
of complete pn ´ 1q-dimensional quadrics of V .
Recall that given an irreducible and reduced non-degenerate variety X Ă PN , and a positive
integer h ď N the h-secant variety SechpXq of X is the subvariety of P
N obtained as the closure
of the union of all ph ´ 1q-planes spanned by h general points of X. Spaces of complete forms
reflect the triad of varieties parametrizing rank one matrices, composed by Grassmannians together
with Veronese and Segre varieties. Spaces of matrices admit a natural stratification dictated by
the rank. Indeed, a general point of the h-secant variety of a Grassmannian, a Veronese or a Segre
corresponds to a matrix of rank h. The starting point of our investigation are constructions of the
spaces of complete collineations and quadrics due to I. Vainsencher [Vai82], [Vai84], as sequences
of blow-ups along the relevant variety parametrizing rank one matrices and the strict transforms of
its secant varieties in order of increasing dimension. For instance, to obtain the space of complete
collineations X p3q of P3 we must blow-up P15 “ PpHompV, V qq along the Segre variety S – P3ˆP3,
and then along the strict transform of its variety of secant lines Sec2pSq. Note that we do not need
to blow-up the strict transform of the variety of 3-secant planes Sec3pSq since it is a hypersurface
in P15 which becomes a smooth divisor after the first two blow-ups.
In Section 3, as a warm up, we analyze the natural actions of SLpnq ˆ SLpmq on X pn,mq,
and of SLpnq on Qpnq, and we compute the respective boundary divisors and colors. Thanks to
general results on the cones of divisors of spherical varieties due to M. Brion [Bri89], combined
with an analysis of the projective geometry of distinguished hypersurfaces defined by the vanishing
of certain minors of a general matrix, we manage to compute the effective and nef cones of these
spaces, and as a consequence we get also an explicit presentation of their Mori cones and their cones
of moving curves.
In Section 4, which is the core of the paper, we take advantage of the computation of the boundary
divisors and colors in Section 3 to give minimal sets of generators for the Cox rings of spaces of
complete forms. Cox rings were first introduced by D. A. Cox for toric varieties [Cox95], and then his
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construction was generalized to projective varieties in [HK00]. These algebraic objects are basically
universal homogeneous coordinate rings of projective varieties, defined as direct sum of the spaces
of sections of all isomorphism classes of line bundles on them. For instance, as a consequence of the
main results in Theorems 3.13, 4.10 and in Propositions 4.15, 4.16 we have the following statement.
Theorem 1.1. For any i “ 1, . . . , n ` 1 let us denote by Di the strict transform in X pnq of the
divisor in PpHompV, V qq, with homogeneous coordinates rz0,0 : ¨ ¨ ¨ : zn,ns, given by
det
¨˚
˝ zn´i`1,n´i`1 . . . zn´i`1,n... . . . ...
zn,n´i`1 . . . zn,n
‹˛‚“ 0
and by Ej the exceptional divisors of the blow-ups in Vainsencher’s construction. Then we have that
EffpX pnqq “ xE1, . . . , Eny and NefpQpnqq “ xD1, . . . ,Dny.
Furthermore, the canonical sections associated to the Di and the Ej form a set of minimal gen-
erators of CoxpX pnqq, and the analogous statements hold for X pn,mq and Qpnq.
For those of these spaces which have Picard rank two we have that CoxpX p1,mqq, CoxpX p2qq,
and CoxpQp2qq are isomorphic to the homogeneous coordinate rings respectively of the Grassmannian
Gp1,m ` 2q parametrizing lines in Pm`2, of the Grassmannian Gp2, 5q parametrizing planes in P5,
and of the Lagrangian Grassmannian LGp2, 5q parametrizing 3-dimensional Lagrangian subspaces
of a fixed 6-dimensional vector space.
In Section 5 we study the birational models of X pn,mq induced by the extremal rays of the nef
cone NefpX pn,mqq. In particular, we show that these models parametrize rational normal curves
of osculating spaces of degree n rational normal curves in Pn. For instance, NefpX p3qq has three
extremal rays that we will denote by D1,D2,D2. The divisors Di are big and so they induce
birational models X p3qpDiq of X p3q. A general point of X p3qpD1q corresponds to a twisted cubic,
a general point of X p3qpD2q corresponds to a rational normal quartic in the Grassmannian of lines
of P3 parametrizing tangent lines to a twisted cubic, and a general point of X p3qpD3q corresponds
to a twisted cubic parametrizing osculating planes to another twisted cubic.
A normal Q-factorial projective variety X, over an algebraically closed field, with finitely gen-
erated Picard group is a Mori dream space if and only if its Cox ring is finitely generated [HK00,
Proposition 2.9]. In this case the birational geometry of X is completely encoded in the combina-
torics of CoxpXq. So, theoretically there is a way of computing the Mori chamber decomposition of
a Mori dream space starting from an explicit presentation of its Cox ring, even though in practice,
due to the intricacy of the involved combinatorics, this is impossible to do. Let us recall that the
pseudo-effective cone EffpXq of a projective variety X with irregularity zero, such as a Mori dream
space, can be decomposed into chambers depending on the stable base locus of the corresponding
linear series. Such decomposition called stable base locus decomposition in general is coarser than
the Mori chamber decomposition.
In Section 6 thanks to the computation of the generators of the Cox rings in Section 4 we
determine the Mori chamber and the stable base locus decomposition of EffpX p3qq. Indeed, since
PicpX p3qq b R is 3-dimensional, the information on the generators of CoxpX p3qq, even without
knowing the relations among them, together with the computation of the stable base loci and basic
considerations of convex geometry, is enough to completely describe both decompositions, which
interestingly enough do not coincide. The same techniques apply to X p2,mq for m ą 2. Indeed, as
a consequence of Theorems 6.11, 6.12 we have the following.
Theorem 1.2. The Mori chamber decomposition of EffpX p3qq consists of 9 chambers while its stable
base locus decomposition consists of 8 chambers. Furthermore, the same result holds for the variety
Qp3q Ă X p3q parametrizing complete quadric surfaces.
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If n ą 2 then the Mori chamber decompositon EffpX p2,mqq has 5 chambers while its stable
base locus decomposition consists of 4 chambers. Finally the Mori chamber and stable base locus
decompositions of EffpX p2qq coincide and have 3 chambers, and the same result holds for the variety
Qp2q Ă X p2q parametrizing complete conics.
These decompositions are described in detail in Theorems 6.11, 6.12. We would like to stress
that in [Hue15] C. Lozano Huerta computed, with different methods, EffpQpnqq, NefpQpnqq, and
the Mori chamber decomposition of EffpQp3qq also giving a modular interpretation of some of the
corresponding birational models.
Furthermore, in Proposition 6.6 we describe the Mori chamber decomposition of the first blow-up
in Vainsencher’s construction, namely the blow-up of PpHompV, V qq along the Segre variety. Thanks
to this in Proposition 6.9 we get a neat description as a Sarkisov link of the birational involution
PN 99K PN˚ defined by mapping a full rank matrix to its inverse. Such involution induces an
automorphism Zinv of X pnq. In Section 7 we will prove that the groups of automorphisms and
pseudo-automorphisms of spaces of complete forms coincide, and we will explicitly compute these
groups where Zinv will appear as the only non trivial generator of the discrete part.
In Appendix A we discuss the movable cones of spaces of complete forms. Indeed, by Proposition
4.17 the number of extremal rays of the movable cones are given by geometric progressions. For
instance, MovpX pnqq and MovpQpnqq have 2n´1 extremal rays, and the isomorphism PicpX pnqq Ñ
PicpQpnqq, induced by the natural inclusion Qpnq ãÑ X pnq, maps isomorphically MovpX pnqq onto
MovpQpnqq. In Appendix A we present Maple scripts explicitly computing these extremal rays.
We conclude the introduction with a general consideration. Note that, the main results in this
paper suggest that the birational geometry of X pnq is completely determined by those of Qpnq, and
lead us to the following general question.
Question 1.3. Let X ãÑ Y be an inclusion of Mori dream spaces. Under which hypothesis is the
birational geometry of Y , meaning its cones of divisors and curves, and its Mori chamber and stable
base locus decompositions, determined by those of X and vice versa?
An obvious but not very satisfactory answer would be: when X ãÑ Y yields an isomorphism
of groups PicpY q Ñ PicpXq, and an isomorphism CoxpY q Ñ CoxpXq of graded K-algebras with
respect to a fixed grading on PicpY q – PicpXq.
However, some partial general results in this direction are given in Lemma 6.2, while more specific
facts for the varieties Qpnq and X pnq are presented in Propositions 6.3, 6.6, and Theorem 6.11.
Organization of the paper. All through the paper we will work over an algebraically closed field
of characteristic zero. Both statements and proofs regarding spaces of complete collineations will
be given in full detail. However, we will sometimes go quickly over the analogous statements and
proofs for their symmetric counterpart. Anyway, whenever some additional argument is needed we
will explain it in detail.
In Section 2 we recall the basics on moduli spaces of complete forms and their constructions as
blow-ups. In Section 3 we compute their cones of divisors and curves, and in Section 4 we compute
the generators of their Cox rings. In Section 5 we describe the birational models of the spaces of
complete collineations induced by the extremal rays of the nef cone, and in Section 6 we compute
the Mori chamber and stable base locus decompositions of the space of complete collineations of P3.
Finally, in Section 7 we give an explicit presentation of the pseudo-automorphism groups of space
of complete forms, and in Appendix A we present Maple scripts computing the extremal rays of
their effective cones.
While this paper is devoted to spaces of complete collineations and quadrics, their skew-symmetric
counterpart, that is the space of complete skew-symmetric forms, is considered in [Mas18].
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2. Moduli spaces of complete forms
Let V,W be K-vector spaces of dimension respectively n` 1 and m` 1 with n ď m, and let PN
with N “ nm ` n ` m be the projective space parametrizing collineations from V to W that is
non-zero linear maps V ÑW up to a scalar multiple.
The line bundle OPnˆPmp1, 1q “ OPpV qp1q b OPpW qp1q induces an embedding
σ : PpV q ˆ PpW q ÝÑ PpV bW q “ PN ,
prus , rvsq ÞÝÑ rub vs
The image S “ σpPnˆPmq Ă PN is the Segre variety. Let rx0, . . . , xns, ry0, . . . , yms be homogeneous
coordinates respectively on Pn and Pm. Then the morphism σ can be written as
σprx0, . . . , xns, ry0, . . . , ymsq “ rx0y0 : ¨ ¨ ¨ : x0ym : x1y0 : ¨ ¨ ¨ : xnyms
We will denote by rz0,0 : ¨ ¨ ¨ : zn,ms the homogeneous coordinates on P
N , where zi,j corresponds to
the product xiyj.
Secant varieties. Given an irreducible and reduced non-degenerate variety X Ă PN , and a positive
integer h ď N we denote by SechpXq the h-secant variety of X. This is the subvariety of P
n
obtained as the closure of the union of all ph´ 1q-planes xx1, ..., xhy spanned by h general points of
X.
A point p P PN “ PpHompW,V qq can be represented by an pn ` 1q ˆ pm ` 1q matrix Z. The
Segre variety S is the locus of rank one matrices. More generally, p P SechpSq if and only if Z can
be written as a linear combination of h rank one matrices that is if and only if rankpZq ď h. If
p “ rz0,0 : ¨ ¨ ¨ : zn,ms then we may write
(2.1) Z “
¨˚
˝ z0,0 . . . z0,m... . . . ...
zn,0 . . . zn,m
‹˛‚
Then, the ideal of SechpSq is generated by the ph` 1qˆ ph` 1q minors of Z. The space of complete
collineations from V to W is the closure in
(2.2) PpHompW,V qq ˆ PpHomp
2ľ
W,
2ľ
V qq ˆ ¨ ¨ ¨ ˆ PpHomp
n`1ľ
W,
n`1ľ
V qq
of the graph of the rational map
(2.3)
PpHompW,V qq 99K PpHomp
Ź
2W,
Ź
2 V qq ˆ ¨ ¨ ¨ ˆ PpHomp
Źn`1W,Źn`1 V qq
Z ÞÝÑ p^2Z, . . . ,^n`1Zq
Construction 2.4. Let us consider the following sequence of blow-ups:
- X pn,mq1 is the blow-up of X pn,mq0 :“ P
N along S;
- X pn,mq2 is the blow-up of X pn,mq1 along the strict transform of Sec2pSq;
...
- X pn,mqi is the blow-up of X pn,mqi´1 along the strict transform of SecipSq;
...
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- X pn,mqn is the blow-up of X pn,mqn´1 along the strict transform of SecnpSq.
Let fi : X pn,mqi Ñ X pn,mqi´1 be the blow-up morphism. We will denote by Ei both the excep-
tional divisor of fi and its strict transforms in the subsequent blow-ups, and by H the pull-back to
X pn,mq :“ X pn,mqn of the hyperplane section of P
N . We will denote by f : X pn,mq Ñ PN the
composition of the fi’s.
By [Vai84, Theorem 1] we have that for any i “ 1, . . . , n the variety X pn,mqi is smooth, the strict
transform of SecipSq in X pn,mqi´1 is smooth, and the divisor E1 Y E2 Y ¨ ¨ ¨ Y Ei´1 in X pn,mqi´1
is simple normal crossing. Furthermore, the variety X pn,mq is isomorphic to the space of complete
collineations from V to W . When n “ m we will write simply X pnq for X pn, nq.
Remark 2.5. Consider the case n “ m. Note that in PN “ PpHompV, V qq we have the distinguished
linear subspace PN` “ tzi,j ´ zj,i “ 0 @ i ‰ ju, where N` “
`
n`2
2
˘
´ 1, of symmetric matrices.
Therefore, PN` cuts out scheme-theoretically on S the Veronese variety V Ď PN` parametrizing
rank one pn`1qˆpn`1q symmetric matrices, and more generally PN` cut out scheme-theoretically
on SechpSq the h-secant variety SechpVq.
The space of complete quadrics is the closure of the graph of the rational map
PpSym2 V q 99K PpSym2
Ź
2 V q ˆ ¨ ¨ ¨ ˆ PpSym2
Źn V q
Z ÞÝÑ p^2Z, . . . ,^nZq
By Remark 2.5 restricting Construction 2.4 to PN` we get the following blow-up construction of
the space of complete quadrics [Vai82, Theorem 6.3].
Construction 2.6. Let us consider the following sequence of blow-ups:
- Qpnq1 is the blow-up of Qpnq0 :“ P
N` along the Veronese variety V;
- Qpnq2 is the blow-up of Qpnq1 along the strict transform of Sec2pVq;
...
- Qpnqi is the blow-up of Qpnqi´1 along the strict transform of SecipVq;
...
- Qpnqn is the blow-up of Qpnqn´1 along the strict transform of SecnpVq.
Let f`i : Qpnqi Ñ Qpnqi´1 be the blow-up morphism. We will denote by E
`
i both the exceptional
divisor of f`i and its strict transforms in the subsequent blow-ups, and by H
` the pull-back to
Qpnq :“ Qpnqn of the hyperplane section of P
N`. We will denote by f` : Qpnq Ñ PN` the
composition of the f`i ’s.
Then for any i “ 1, . . . , n the variety Qpnqi is smooth, the strict transform of SecipVq in Qpnqi´1
is smooth, and the divisor E`
1
YE`
2
Y¨ ¨ ¨YE`i´1 in Qpnqi´1 is simple normal crossing. Furthermore,
the variety Qpnq is isomorphic to the space of complete pn´ 1q-dimensional quadrics.
3. Cones of divisors and curves
Let X be a normal projective Q-factorial variety over an algebraically closed field of characteristic
zero. We denote by N1pXq the real vector space of R-Cartier divisors modulo numerical equivalence.
The nef cone of X is the closed convex cone NefpXq Ă N1pXq generated by classes of nef divisors.
The stable base locus BpDq of a Q-divisor D is the set-theoretic intersection of the base loci of
the complete linear systems |sD| for all positive integers s such that sD is integral
(3.1) BpDq “
č
są0
BpsDq
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The movable cone of X is the convex cone MovpXq Ă N1pXq generated by classes of movable
divisors. These are Cartier divisors whose stable base locus has codimension at least two in X. The
effective cone of X is the convex cone EffpXq Ă N1pXq generated by classes of effective divisors. We
have inclusions NefpXq Ă MovpXq Ă EffpXq. We refer to [Deb01, Chapter 1] for a comprehensive
treatment of these topics.
Definition 3.2. A spherical variety is a normal variety X together with an action of a connected
reductive affine algebraic group G , a Borel subgroup B Ă G , and a base point x0 P X such that
the B-orbit of x0 in X is a dense open subset of X.
Let pX,G ,B, x0q be a spherical variety. We distinguish two types of B-invariant prime divisors:
a boundary divisor of X is a G -invariant prime divisor on X, a color of X is a B-invariant prime
divisor that is not G -invariant. We will denote by BpXq and CpXq respectively the set of boundary
divisors and colors of X.
For instance, any toric variety is a spherical variety with B “ G equal to the torus. For a toric
variety there are no colors, and the boundary divisors are the usual toric invariant divisors.
In the following we will carefully analyze the natural actions of SLpn`1qˆSLpm`1q on X pn,mq,
and of SLpn` 1q on Qpnq in order to get information of the cones of divisors of these spaces.
Lemma 3.3. The G “ SLpn` 1q ˆ SLpm` 1q-action on Pn ˆ Pm given by
G ˆ pPn ˆ Pmq ÝÑ Pn ˆ Pm
ppA,Bq, prvs, rwsqq ÞÝÑ prAvs, rBwsq
induces the following G -action on PN “ PpHompV,W qq
G ˆ PpHompV,W qq ÝÑ PpHompV,W qq
ppA,Bq, Zq ÞÝÑ AZBt
Furthermore, if n “ m the SLpn` 1q-action
SLpn` 1q ˆ Pn ÝÑ Pn
pA, rvsq ÞÝÑ rAvs
induce the SLpn` 1q-action on PN` given by
(3.4)
SLpn` 1q ˆ PN` ÝÑ PN`
pA,Zq ÞÝÑ AZAt
Proof. Let rvs “ rx0 : ¨ ¨ ¨ : xns and rws “ ry0 : ¨ ¨ ¨ : yms. We have that σpAv,Bwq is given by¨˚
˚˚˚˚
˚˝
a0,0b0,0x0y0 ` ¨ ¨ ¨ ` a0,nb0,mxnym . . . a0,0b1,0x0y0 ` ¨ ¨ ¨ ` a0,nbm,mxnym
...
. . .
...
ai,0b0,0x0y0 ` ¨ ¨ ¨ ` ai,nb0,mxnym . . . ai,0bm,0x0y0 ` ¨ ¨ ¨ ` ai,nbm,mxnym
...
. . .
...
an,0b0,0x0y0 ` ¨ ¨ ¨ ` an,nb0,mxnym . . . an,0bm,0x0y0 ` ¨ ¨ ¨ ` an,nbm,mxnym
‹˛‹‹‹‹‹‚
where A “ pai,jq and B “ pbi,jq. Recall that zi,j is the homogeneous coordinate on P
N “
PpHompV,W qq corresponding to the monomial xixj . Therefore, zi,j is mapped by pA,Bq P G
to
ai,0bj,0z0,0 ` ¨ ¨ ¨ ` ai,ibj,jzi,j ` ¨ ¨ ¨ ` ai,jbj,izj,i ` ¨ ¨ ¨ ` ainbj,mzn,m
that is the matrix Z “ pzi,jq is mapped by pA,Bq P G to the matrix AZB
t.
Now, let n “ m. If Z is symmetric then pAZAtqt “ pAtqtZtAt “ AZAt. Therefore, the
SLpn` 1q-action on PN` in (3.4) is well-defined.
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In the symmetric case note that the action SLpn ` 1q ñ Pn is just the diagonal action of
G ñ Pn ˆ Pn. 
Definition 3.5. A wonderful variety is a smooth projective variety X with the action of a semi-
simple simply connected group G such that:
- there is a point x0 P X with open G orbit and such that the complement XzG ¨ x0 is a union of
prime divisors E1, ¨ ¨ ¨ , Er having simple normal crossing;
- the closures of the G -orbits in X are the intersections
Ş
iPI Ei where I is a subset of t1, . . . , ru.
Proposition 3.6. The varieties X pn,mq, Qpnq are wonderful. Hence, in particular they are spher-
ical.
The Picard group of X pn,mq is given by
PicpX pn,mqq “
"
ZrH,E1, . . . , Ens if n ă m
ZrH,E1, . . . , En´1s if n “ m
For any i “ 1, . . . , n` 1 let us denote by Di the strict transform of the divisor in P
N given by
(3.7) det
¨˚
˝ zn´i`1,m´i`1 . . . zn´i`1,m... . . . ...
zn,m´i`1 . . . zn,m
‹˛‚“ 0
The set of boundary divisors and colors of X pn,mq are given respectively by
BpX pn,mqq “ tE1, . . . , Enu
CpX pn,mqq “
"
tD1, . . . ,Dn`1u if n ă m
tD1, . . . ,Dnu if n “ m
Now, let n “ m. Then
PicpQpnqq “ ZrH`, E`
1
, . . . , E`n´1s
and
BpQpnqq “ tE`
1
, . . . , E`n u, CpQpnqq “ tD
`
1
, . . . ,D`n u
where the D`i ’s are defined by setting in (3.7) zi,j “ zj,i.
Proof. Since by Construction 2.4 X pn,mq can be obtained by a sequence of blow-ups of smooth
varieties along smooth centers the statement on the Picard group is straightforward. It is enough
to observe that if n “ m then the strict transform of SecnpSq is a Cartier divisor in Xrnsn´1 and
hence the last blow-up in Construction 2.4 is an isomorphism. The situation in the symmetric case
is completely analogous.
By [Vai84, Theorem 1], [Vai82, Theorem 6.3] the varieties X pn,mq, Qpnq are wonderful with the
actions of SLpn` 1q ˆ SLpm` 1q, and SLpn` 1q described in Lemma 3.3. Therefore, they are in
particular spherical as proven by D. Luna in [Lun96].
We will develop in full detail the computation of the boundary divisors and the colors of X pn,mq.
As noticed in [ADHL15, Remark 4.5.5.3], if pX,G ,B, x0q is a spherical wonderful variety with
colors D1, . . . ,Ds the big cell XzpD1Y¨ ¨ ¨YDsq is an affine space. Therefore, it admits only constant
invertible global functions and PicpXq “ ZrD1, . . . ,Dss.
We consider the Borel subgroup
(3.8) B “ tpA,Bq P SLpn` 1q ˆ SLpm` 1q | A,B are upper triangularu
We know that
rankpPicpX pn,mqq “
"
n` 1 if n < m
n if n = m
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Therefore, we must exhibit exactly s “ n ` 1 colors when n ă m, and s “ n colors when n “ m.
Note that these are exactly the number of colors predicted by the statement. By Lemma 3.3 an
element pA,Bq P G maps the matrix Z to the matrix Z “ AZBt. Now, set
Ai2,2 “
¨˚
˝ an´i`1,n´i`1 . . . an´i`1,n... . . . ...
an,n´i`1 . . . an,n
‹˛‚ Bi2,2 “
¨˚
˝ bm´i`1,m´i`1 . . . bm´i`1,m... . . . ...
bm,m´i`1 . . . bm,m
‹˛‚
Zi2,2 “
¨˚
˝ zn´i`1,m´i`1 . . . zn´i`1,m... . . . ...
zn,m´i`1 . . . zn,m
‹˛‚ Zi2,2 “
¨˚
˝ zn´i`1,m´i`1 . . . zn´i`1,m... . . . ...
zn,m´i`1 . . . zn,m
‹˛‚
and subdivide the matrices A,B,Z,Z in blocks as follows
A “
ˆ
Ai1,1 A
i
1,2
Ai2,1 A
i
2,2
˙
B “
ˆ
Bi1,1 B
i
1,2
Bi2,1 B
i
2,2
˙
Z “
ˆ
Zi1,1 Z
i
1,2
Zi2,1 Z
i
2,2
˙
Z “
˜
Z
i
1,1 Z
i
1,2
Z
i
2,1 Z
i
2,2
¸
Then for i “ 1, . . . , n the matrix AZBt can be subdivided in four blocks as follows$’’’’&’’’’%
Z
i
1,1 “ A
i
1,1Z
i
1,1B
i t
1,1 `A
i
1,2Z
i
2,1B
i t
1,1 `A
i t
1,1Z
i t
1,2B
i t
1,2 `A
i t
1,2Z
i t
2,2B
i t
1,2
Z
i
1,2 “ A
i
1,1Z
i
1,1B
i t
2,1 `A
i
1,2Z
i
2,1B
i t
2,1 `A
i
1,1Z
i
1,2B
i t
2,2 `A
i
1,2Z
i
2,2B
i t
2,2
Z
i
2,1 “ A
i
2,1Z
i
1,1B
i t
1,1 `A
i
2,2Z
i
2,1B
i t
1,1 `A
i
2,1Z
i
1,2B
i t
1,2 `A
i
2,2Z
i
2,2B
i t
1,2
Z
i
2,2 “ A
i
2,1Z
i
1,1B
i t
2,1 `A
i
2,2Z
i
2,1B
i t
2,1 `A
i
2,1Z
i
1,2B
i t
2,2 `A
i
2,2Z
i
2,2B
i t
2,2
Therefore, the degree i hypersurface tdetpZi
2,2q “ 0u Ă P
N is stabilized by the action of G if and
only if n “ m and i “ n` 1. Indeed, tdetpZn`1
2,2 q “ 0u Ă P
N is the n-secant variety SecnpSq of the
Segre variety S. Note that since G stabilizes the Segre variety S it must map a general ph´1q-plane
h-secant to S to an ph ´ 1q-plane with the same property. Since SechpSq is irreducible this means
that G stabilizes SechpSq for h “ 1, . . . , n.
Now, assume that pA,Bq P B. Then Ai2,1 and B
i
2,1 are the zero matrix, and
(3.9) Z
i
2,2 “ A
i
2,2Z
i
2,2B
i t
2,2
This yields
detpZ
i
2,2q “ detpA
i
2,2qdetpZ
i
2,2qdetpB
i t
2,2q
Note that Ai
2,2 is upper triangular while B
i t
2,2 is lower triangular, and that the diagonals of A
i
2,2 and
Bi t2,2 are made of elements of the diagonals respectively of A and B.
Therefore, detpAi2,2q ‰ 0, detpB
i t
2,2q ‰ 0 and hence the hypersurface tdetpZ
i
2,2q “ 0u Ă P
N is
stabilized by the action of the Borel subgroup B on PN . Therefore, the strict transform Di of
tdetpZi
2,2q “ 0u is stabilized by the action of B, and it is stabilized by the action of G on X pn,mq
if and only if n “ m and i “ n ` 1. This concludes the proof of the statement on the set of colors
of X pn,mq.
Now, note that since G stabilizes SechpSq for h “ 1, . . . , n, [Har77, Chapter II, Section 7, Corollary
7.15] yields that G stabilizes the exceptional divisors Ei and the strict transform of SecnpSq when
n “ m. Therefore, these are boundary divisors.
Now, let D Ă X pn,mq be a G -invariant divisor which is not exceptional for the blow-up morphism
f : X pn,mq Ñ PN in Construction 2.4. Then f˚D Ă P
N is G -invariant as well. Hence, in particular
f˚D Ă P
N is B-invariant. On the other hand, by the previous computation of the colors of X pn,mq
we have that the only G -invariant hypersurface in PN is SecnpSq when n “ m.
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Therefore, the set of the boundary divisors is given by the exceptional divisors if n ă m, and by
the exceptional divisors plus the strict transform of SecnpSq when n “ m. In the symmetric case
we may argue in an analogous way with G “ SLpn` 1q. 
The following result will be fundamental in order to write down the classes of the colors in
Proposition 3.6 in terms of the generators of the Picard groups.
Lemma 3.10. Consider hypersurfaces Yk Ă P
N defined as the zero locus of the determinant of
a pk ` 1q ˆ pk ` 1q minor of the matrix Z in (2.1), Y `k Ă P
N` defined as the zero locus of the
determinant of a pk ` 1q ˆ pk ` 1q minor of the symmetrization of Z. Then
multSechpSq Yk “ multSechpVq Y
`
k “
"
k ´ h` 1 if h ď k
0 if h ą k
Proof. Note that degpYkq “ k ` 1. Since the ideal of SechpSq is generated by the ph` 1q ˆ ph` 1q
minors of Z in IpSecipSqq there are not polynomials of degree less than or equal to h. In particular,
if h ą k a hypersurface of type Yk can not contain SechpSq.
Now, consider the case h ď k. Without loss of generality we may consider the hypersurface Yk
given by Yk “ tdetpF q “ 0u where
(3.11) F “ F pz0,0, . . . , zk,kq “ det
¨˚
˝ z0,0 . . . z0,k... . . . ...
zk,0 . . . zk,k
‹˛‚
Note that
BjF
Bz
j0,0
0,0 , . . . , Bz
jk,k
k,k
“ 0, j0,0 ` ¨ ¨ ¨ ` jk,k
whenever either jr,s ě 2 for some r, s “ 0, . . . , k or in the expression of the partial derivative there
are at least two indexes either of type jr,s, jr1,s or of type jr,s, jr,s1 . In all the other cases, a partial
derivative of order j is the determinant of the pk ´ j ` 1q ˆ pk ´ j ` 1q minor of the matrix in 3.11
obtained by deleting the rows and the columns crossing in the elements which correspond to the
variables with respect to which we are deriving.
Therefore, all the partial derivatives of order j of F vanish on Seck´jpSq. On the other hand, the
non-zero partial derivatives of order j`1 of F have degree k´j, and since IpSeck´jpSqq is generated
in degree k ´ j ` 1 they can not vanish on Seck´jpSq. We conclude that multSeck´jpSq Yk “ j ` 1,
that is multSechpSq Yk “ k ´ h` 1 if h ď k.
In the symmetric case it is enough to recall that by Remark 2.5 PN` cuts out scheme-theoretically
on SechpSq the h-secant variety SechpVq. 
Remark 3.12. Let Y be a smooth and irreducible subvariety of a smooth variety X, and let
f : BlYX Ñ X be the blow-up of X along Y with exceptional divisor E. Then for any divisor
D P PicpXq in PicpBlYXq we have rD „ f˚D ´multY pDqE
where rD Ă BlYX is the strict transform of D, and multY pDq is the multiplicity of D at a general
point of Y .
Now, we are ready to compute the effective and nef cones of the spaces of complete forms.
Theorem 3.13. Let n ă m. For the colors D1, . . . ,Dn`1 in Proposition 3.6 we have D1 „ H and
(3.14) Dk „ kH ´
k´1ÿ
h“1
pk ´ hqEh
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for k “ 2, . . . , n ` 1. Furthermore, tE1, . . . , En,Dn`1u generate the extremal rays of EffpX pn,mqq,
and tD1, . . . ,Dn`1u generate the extremal rays of NefpX pn,mqq.
Now, let n “ m. For the colors D1, . . . ,Dn and D
`
1
, . . . ,D`n in Proposition 3.6 we have D1 „ H,
D`
1
„ H` and
(3.15) Dk „ kH ´
k´1ÿ
h“1
pk ´ hqEh, D
`
k „ kH
` ´
k´1ÿ
h“1
pk ´ hqE`h
for k “ 2, . . . , n, and for the boundary divisors En and E
`
n we have
(3.16) En „ pn` 1qH ´
n´1ÿ
h“1
pn´ h` 1qEh, E
`
n „ pn` 1qH
` ´
n´1ÿ
h“1
pn´ h` 1qE`h
Furthermore, tE1, . . . , Enu, tE
`
1
, . . . , E`n u generate the extremal rays respectively of EffpX pnqq and
EffpQpnqq, and tD1, . . . ,Dnu, tD
`
1
, . . . ,D`n u generate the extremal rays respectively of NefpX pnqq
and NefpQpnqq.
Proof. First, consider the case n ă m. Recall that D1 is the strict transform of tzn,m “ 0u Ă P
N ,
and since the centers of the blow-ups in Construction 2.4 are non-degenerated Remark 3.12 yields
D1 „ H. Let f : X pn,mq Ñ P
N be the blow-up morphism in Construction 2.4. By Remark 3.12 in
PicpX pn,mqq we have
Dk “ degpf˚DkqH ´
nÿ
h“1
multSechpSqpf˚DkqEh
for k “ 2, . . . , n`1. Now, to get (3.14) it is enough to recall that since f˚Dk is the zero locus of a kˆk
minor of the matrix Z then degpf˚Dkq “ k, and that by Lemma 3.10 we have multSechpSqpf˚Dkq “
k ´ h if h “ 1, . . . k ´ 1 and multSechpSqpf˚Dkq “ 0 if h ě k.
By Proposition 3.6 we have BpX pn,mqq “ tE1, . . . , Enu and CpX pn,mqq “ tD1, . . . ,Dn`1u, and
by [ADHL15, Proposition 4.5.4.4] EffpX pn,mqq is generated by tE1, . . . , En,D1, . . . ,Dn`1u. Note
that since
Dn`1 „ pn ` 1qH ´
nÿ
h“1
pn´ h` 1qEh
in the set tE1, . . . , En,Dn`1u there is not a divisor that can be written as a linear combination with
non-negative coefficients of the other ones. On the other hand, if k ď n we may write
Dk „ kH ´
k´1ÿ
h“1
pk ´ hqEh „
k
n` 1
Dn`1 `
nÿ
h“k
kpn ´ h` 1q
n` 1
Eh `
k´1ÿ
h“1
hpn´ k ` 1q
n` 1
Eh
with n´ k ` 1 ą 0.
Furthermore, by [Bri89, Section 2.6] the colors tD1, . . . ,Dn`1u generate NefpX pn,mqq. Now, to
conclude that they generate the extremal rays of NefpX pn,mqq it is enough to observe that by (3.14)
they are numerical independent.
Now, consider the case n “ m. In order to get (3.15) it is enough to argue as in the first part of the
proof. Note that En is the strict transform of SecnpSq Ă P
N . This secant variety is a hypersurface
of degree n` 1. Now, to get (3.16) it is enough to apply Lemma 3.10.
In order to prove that tE1, . . . , Enu generate the extremal rays of EffpX pnqq by [ADHL15, Propo-
sition 4.5.4.4] it is enough to notice that these divisors are numerically independent, and that any
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of the colors in CpX pnqq can be written as a linear combination with non-negative coefficients of
these divisors. Indeed, we may write
Dk „ kH ´
k´1ÿ
h“1
pk ´ hqEh „
k
n` 1
En `
n´1ÿ
h“k
kpn ´ h` 1q
n` 1
Eh `
k´1ÿ
h“1
hpn´ k ` 1q
n` 1
Eh
with n ´ k ` 1 ą 0. As for the case n ă m the statement on the nef cone follows from [Bri89,
Section 2.6] and Proposition 3.6. In the symmetric case it is enough to apply Proposition 3.6 and
Lemma 3.10 as we did for X pnq. 
Now, consider the intermediate spaces X pn,mqi appearing in Construction 2.4. By a slight abuse
of notation we will keep denoting by Ei,Di the push-forwards to X pn,mqi of the corresponding
divisors on X pn,mq in Proposition 3.6.
Proposition 3.17. Let X pn,mqi be the intermediate space appearing at the step 1 ď i ď n ´ 1 of
Construction 2.4. Then X pn,mqi is spherical. Furthermore, PicpX pn,mqiq “ ZrH,E1, . . . , Eis and
BpX pn,mqiq “
"
tE1, . . . , Eiu if n ă m
tE1, . . . , Ei,Dn`1u if n “ m
CpX pn,mqiq “
"
tD1, . . . ,Dn`1u if n ă m
tD1, . . . ,Dnu if n “ m
Finally, EffpX pn,mqiq “ xE1, . . . , Ei,Dn`1y and NefpX pn,mqiq “ xD1, . . . ,Di`1y. The analogous
statements, with the obvious modifications, hold for the intermediate spaces Qpnqi in Construction
2.6.
Proof. Note that X pn,mqi is spherical, even though it is not wonderful, with respect to the action
of G “ SLpn ` 1q ˆ SLpm ` 1q, with the Borel subgroup B in (3.8). Since the actions of G on
X pn,mq and X pn,mqi are compatible with the blow-up morphism X pn,mq Ñ X pn,mqi, the inter-
mediate space X pn,mqi has at most the same number of boundary divisors and colors as X pn,mq.
Now, arguing as in the proof of Proposition 3.6 it is straightforward to compute BpX pn,mqiq and
CpX pn,mqiq.
Finally, arguing as in the proof of Theorem 3.13 we get also the statements on the effective and
the nef cones. 
Cones of curves. Let X be a normal projective variety and let N1pXq be the real vector space of
numerical equivalence classes of 1-cycles on X. The closure of the cone in N1pXq generated by the
classes of irreducible curves in X is called the Mori cone of X, we will denote it by NEpXq.
A class rCs P N1pXq is called moving if the curves in X of class rCs cover a dense open subset
of X. The closure of the cone in N1pXq generated by classes of moving curves in X is called the
moving cone of X and we will denote it by movpXq.
Our aim now is to describe these cones for spaces of complete forms. When n ă m we will denote
by tl, e1, . . . , enu the basis of N1pX pn,mqq dual to tH,E1, . . . , Enu, and similarly when n “ m we
will denote by tl, e1, . . . , en´1u the basis of N1pX pnqq dual to tH,E1, . . . , En´1u. We will adopt the
analogous notations for the basis of N1pQpnqq dual to the basis of PicpQpnqq in Proposition 3.6.
Proposition 3.18. Let n ă m and write the class of a general curve C P N1pX pn,mqq as C “
dl ´
řn
i“1miei. Then the cone of moving curves movpX pn,mqq is defined by"
mi ě 0 for i “ 1, . . . n
dpn ` 1q ´
řn
i“1pn ´ i` 1qmi ě 0
In particular the extremal rays of movpX pn,mqq are generated by the curves of class l and pn´ i`
1ql ´ pn` 1qei for i “ 1, . . . , n.
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If n “ m then movpX pnqq and movpQpnqq are defined by"
mi ě 0 for i “ 1, . . . n´ 1
dpn` 1q ´
řn´1
i“1 pn´ i` 1qmi ě 0
Proof. By [BDPP13, Theorem 2.2] the cone of moving curves is dual to the effective cone. By
Theorem 3.13 we have EffpX pn,mqq “ xE1, . . . , En,Dn`1y. Now, to conclude it is enough to note
that C ¨ Ei “ mi for i “ 1, . . . , n and C ¨Dn`1 “ dpn` 1q ´
řn
i“ipn´ i` 1qmi.
In the case n “ m, and in the symmetric case we can argue exactly in the same way by using the
relevant presentation of the effective cone in Theorem 3.13. 
Example 3.19. Consider for instance the case n “ m “ 3. Then the extremal rays of movpX p3qq
are generated by l, 3l ´ 4e1 and l ´ 2e2. In this case we have S Ă P
15. Take four general points
p1, . . . , p4 P S, let xp1, . . . , p4y – P
3 be their span, and consider a twisted cubic C Ă xp1, . . . , p4y
passing through p1, . . . , p4. Then the strict transform of C in X p3q has class 3l ´ 4e1. Note that
since Sec4pSq “ P
15 the curves of this class cover a dense open subset of X p3q. Now, the strict
transform of a line secant to Sec2pSq has class l´ 2e2. A general point p P P
15 lies on a line secant
to Sec2pSq if and only if p lies on a 3-plane four secant to S. Again, since Sec4pSq “ P
15 the curves
of class l ´ 2e2 cover a dense open subset of X p3q.
Proposition 3.20. Let n ă m. Then the extremal rays of the Mori cone NEpX pn,mqq of X pn,mq
are generated by the curves of class l ´ 2e1 ` e2, ei ´ 2ei`1 ` ei`2 for i “ 1, . . . , n ´ 2, en´1 ´ 2en
and en.
If n “ m then the extremal rays of the Mori cone of X pnq and Qpnq are generated respectively by
the curves of class l ´ 2e1 ` e2, ei ´ 2ei`1 ` ei`2 for i “ 1, . . . , n´ 3, en´2 ´ 2en´1 and en´1, and
by the curves of class l`´ 2e`
1
` e`
2
, e`i ´ 2e
`
i`1` e
`
i`2 for i “ 1, . . . , n´ 3, e
`
n´2´ 2e
`
n´1 and e
`
n´1.
Proof. The Mori cone is dual to the nef cone. Since by Theorem 3.13 NefpX pn,mqq has n ` 1
extremal rays and by Proposition 3.6 PicpNefpX pn,mqqq has rank n ` 1, NEpX pn,mqq must have
n ` 1 extremal rays as well. It is enough to find for any of the listed curves n nef divisors among
the generators of NefpX pn,mqq in Theorem 3.13 having zero intersection product with the curve.
Indeed, we have Dk ¨ pl ´ 2e1 ´ e2q “ 0 for any k ‰ 1, and Dk ¨ pei ´ 2ei`1 ` ei`2q “ 0 for any
k ‰ i` 1. Furthermore, Dk ¨ pen´1 ´ 2enq “ 0 for k ‰ n´ 1, Dk ¨ en “ 0 for k ‰ n and Dk ¨ en “ 0
for k ‰ n` 1. The case n “ m, and the symmetric case can be developed in a similar way. 
Corollary 3.21. The spaces of complete forms X pn,mq, Qpnq are Fano varieties.
Proof. Consider the case n ă m. Since
codimPN pSechpSqq “ pn´ h` 1qpm´ h` 1q
for 1 ď h ď n Construction 2.4 yields
´KX pn,mq „ pnm` n`m` 1qH ´
nÿ
h“1
pnm` h2 ´ nh´mh` n`m´ 2hqEh
Therefore, ´KX pn,mq¨pl´2e1`e2q “ 3, ´KX pn,mq¨pei´2ei`1`ei`2q “ 2, ´KX pn,mq¨pen´1´2enq “ 2,
´KX pn,mq ¨ en “ m´ n ą 0 and by Proposition 3.20 ´KX pn,mq is ample.
In the case n “ m, and the symmetric case it is enough to argue similarly by recalling that
codim
PN`
pSechpVqq “
n2`3n´hp2n´h`3q`2
2
for h ď n. 
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4. On the Cox ring
Let X be a normal Q-factorial variety. We say that a birational map f : X 99K X 1 to a normal
projective variety X 1 is a birational contraction if its inverse does not contract any divisor. We
say that it is a small Q-factorial modification if X 1 is Q-factorial and f is an isomorphism in
codimension one. If f : X 99K X 1 is a small Q-factorial modification, then the natural pullback
map f˚ : N1pX 1q Ñ N1pXq sends MovpX 1q and EffpX 1q isomorphically onto MovpXq and EffpXq,
respectively. In particular, we have f˚pNefpX 1qq Ă MovpXq.
Now, assume that the divisor class group ClpXq is free and finitely generated, and fix a subgroup
G of the group of Weil divisors on X such that the canonical map G Ñ ClpXq, mapping a divisor
D P G to its class rDs, is an isomorphism. The Cox ring of X is defined as
CoxpXq “
à
rDsPClpXq
H0pX,OX pDqq
where D P G represents rDs P ClpXq, and the multiplication in CoxpXq is defined by the standard
multiplication of homogeneous sections in the field of rational functions on X.
Definition 4.1. A normal projective Q-factorial variety X is called a Mori dream space if the
following conditions hold:
- Pic pXq is finitely generated, or equivalently h1pX,OX q “ 0,
- Nef pXq is generated by the classes of finitely many semi-ample divisors,
- there is a finite collection of small Q-factorial modifications fi : X 99K Xi, such that each
Xi satisfies the second condition above, and Mov pXq “
Ť
i f
˚
i pNef pXiqq.
The collection of all faces of all cones f˚i pNef pXiqq above forms a fan which is supported on
MovpXq. If two maximal cones of this fan, say f˚i pNef pXiqq and f
˚
j pNef pXjqq, meet along a facet,
then there exist a normal projective variety Y , a small modification ϕ : Xi 99K Xj , and hi : Xi Ñ Y ,
hj : Xj Ñ Y small birational morphisms of relative Picard number one such that hj ˝ ϕ “ hi. The
fan structure on MovpXq can be extended to a fan supported on EffpXq as follows.
Definition 4.2. Let X be a Mori dream space. We describe a fan structure on the effective cone
EffpXq, called the Mori chamber decomposition. We refer to [HK00, Proposition 1.11] and [Oka16,
Section 2.2] for details. There are finitely many birational contractions from X to Mori dream
spaces, denoted by gi : X 99K Yi. The set Excpgiq of exceptional prime divisors of gi has cardinality
ρpX{Yiq “ ρpXq´ρpYiq. The maximal cones C of the Mori chamber decomposition of EffpXq are of
the form: Ci “
@
g˚i
`
NefpYiq
˘
,Excpgiq
D
. We call Ci or its interior C
˝
i a maximal chamber of EffpXq.
For instance, to get a concrete idea on how this decomposition works one could see [AM16,
Theorem 3.4] in which the case of Pn blown-up at n` 3 general points is considered.
Remark 4.3. By [BCHM10, Corollary 1.3.2] smooth Fano varieties are Mori dream spaces. In fact,
there is a larger class of varieties called log Fano varieties which are Mori dream spaces as well. By
the work of M. Brion [Bri93] we have that Q-factorial spherical varieties are Mori dream spaces. An
alternative proof of this result can be found in [Per14, Section 4]. In particular, by Proposition 3.6
X pn,mq,Qpnq are Mori dream spaces.
Remark 4.4. By [HK00, Proposition 2.9] a normal and Q-factorial projective variety X over an
algebraically closed field K, with finitely generated Picard group is a Mori dream space if and only
if CoxpXq is a finitely generated K-algebra. Furthermore, the following equality holds:
dimCoxpXq “ dimpXq ` rankPicpXq
see for instance [ADHL15, Theorem 3.2.1.4].
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Generators. Let I “ ti0, . . . , iku, J “ tj0, . . . , jku be two ordered sets of indexes with 0 ď i0 ď
¨ ¨ ¨ ď ik ď n and 0 ď j0 ď ¨ ¨ ¨ ď jk ď m, and denote by ZI,J the pk ` 1q ˆ pk ` 1q minor of Z built
with the rows indexed by I and the columns indexed by J . Similarly, let Z`I,J be the pk`1qˆpk`1q
minor of the symmetrization of Z built with the rows indexed by I and the columns indexed by J .
Lemma 4.5. Let Hk`1 be the SLpn` 1q-module fitting in the following exact sequence
(4.6) 0Ñ IpGpk, nqq2 Ñ Sym
2p
k`1ľ
V q Ñ Hk`1 Ñ 0
Then Hk`1 – H
0pGpk, nq,OGpk,nqp2qq and dimpHk`1q “
1
k`2
`
n`1
k`1
˘`
n`2
k`1
˘
.
Proof. The structure exact sequence for Gpk, nq Ď PpSym2p
Źk`1 V qq “ PN´ twisted by two reads
0Ñ IGpk,nqp2q Ñ OPN´
p2q|Gpk,nq Ñ OGpk,nqp2q Ñ 0
Now, recall that as a consequence of the Borel–Weil–Bott theorem we have that Gpk, nq is pro-
jectively normal in its Plücker embedding, in particular H1pGpk, nq,IGpk,nqp2qq “ 0, and taking
cohomology in the above exact sequence we get
0Ñ IpGpk, nqq2 Ñ Sym
2p
k`1ľ
V q Ñ H0pGpk, nq,OGpk,nqp2qq Ñ 0
Therefore, Hk`1 – H
0pGpk, nq,OGpk,nqp2qq. Finally, by [EF09, Proposition 5.2] we have
dimH0pGpk, nq,OGpk,nqp2qq “
śn`1
j“k`2
pj`1
2
q
pj´k
2
q
“
śn`1
j“k`2
pj`1qj
pj´kqpj´k´1q
“ pk`3qpk`2q
2
pk`4qpk`3q
3¨2 . . .
pn`1qn
pn´kqpn´k´1q
pn`2qpn`1q
pn´k`1qpn´kq
“ pn`2q...pk`3qpn´k`1q!
pn`1q...pk`2q
pn´kq! “
1
k`2
pn`2q...pk`2q
pn´k`1q!
pn`1q...pk`2q
pn´kq!
“ 1
k`2
`
n`2
k`1
˘`
n`1
k`1
˘
which is the formula for the dimension of Hk`1 in the statement. 
Remark 4.7. Lemma 4.5 yields that the dimension of the SLpn` 1q-module IpGpk, nqq2 of degree
two Plücker relations generating IpGpk, nqq as an ideal is
1
2
ˆ
n` 1
k ` 1
˙2
`
1
2
ˆ
n` 1
k ` 1
˙
´
1
k ` 2
ˆ
n` 2
k ` 1
˙
Note that if k “ 1 this number is
`
n`1
4
˘
which is exactly the number of 4 ˆ 4 sub-Pfaffians of an
pn` 1q ˆ pn` 1q skew-symmetric matrix.
Lemma 4.8. Let Γp0,...,0,2,0,...,0q be the irreducible representation of SLpn ` 1q with highest weight
pλ1, . . . , λnq given by λi “ 0 if i ‰ k ` 1 and λk`1 “ 2. Then
dimΓp0,...,0,2,0,...,0q “
1
k ` 2
ˆ
n` 2
k ` 1
˙ˆ
n` 1
k ` 1
˙
Proof. By the Weyl dimension formula we have
dimΓpλ1,...,λnq “
ź
1ďiăjďn`1
λi ` ¨ ¨ ¨ ` λj´1 ` j ´ i
j ´ i
Consider the case pλ1, . . . , λk`1, . . . , λnq “ p0, . . . , 2, . . . , 0q. For i ě k ` 2 all terms in the product
are equal to 1. For any i ď k ` 1 we must consider all terms with i ă j ď n ` 1. When
16 ALEX MASSARENTI
i “ 1, 2, . . . , k, k ` 1 the product of the corresponding terms are given by$’’’’’’&’’’’’’%
i “ 1 k`3
k`1 ¨
k`4
k`2 . . .
n`2
n
i “ 2 k`2
k
¨ k`3
k`1 . . .
n`1
n´1
...
...
i “ k 4
2
¨ 5
3
. . . n´k`3
n´k`1
i “ k ` 1 3 ¨ 4
2
. . . n´k`2
n´k
Therefore, we get
dimΓp0,...,0,2,0,...,0q “
pn`2q!k!
n!pk`2q!
pn`1q!pk´1q!
pn´1q!pk`1q! . . .
pn´k`3q!
3!pn´k`1q!
pn´k`2q!
2pn´kq!
“ pn`2qpn`1qpk`2qpk`1q
pn`1qn
pk`1qk . . .
pn´k`3qpn´k`2q
3¨2
pn´k`2qpn´k`1q
2
“ 1
k`2
pn`2qpn`1q...pn´k`2q
pk`1q!
pn`1qn...pn´k`1q
pk`1q! “
1
k`2
`
n`2
k`1
˘`
n`1
k`1
˘
which is exactly the formula in the statement. 
By (4.6) we have a splitting
Sym2p
k`1ľ
V q – IpGpk, nqq2 ‘Hk`1
as K-vector spaces. Furthermore, since IpSeckpVqqk`1 is generated by the Z
`
I,J we have an isomor-
phism Sym2p
Źk`1 V q – IpSeckpVqqk`1, and then we may identify Hk`1 with a vector subspace of
Krz0,0, . . . , zn,nsk`1.
The blow-up morphism f` : Qpnq Ñ PN` in Construction 2.6 induces an injective pull-back map
f`˚ : CoxpPN`q – Krz0,0, . . . , zn,ns Ñ CoxpQpnqq
Definition 4.9. For any k “ 0, . . . , n ´ 1 we define the vector subspace H`k`1 Ď CoxpQpnqq as
H`k`1 :“ f
`˚Hk`1
Now, taking advantage of these basic representation theoretical results in the symmetric case, we
can give explicit sets of minimal generators for the Cox rings of the spaces of complete forms.
Theorem 4.10. Let TI,J be the canonical section associated to the strict transform of the hypersur-
face tdetpZI,Jq “ 0u Ă P
N , and let Si be the canonical section associated to the exceptional divisor
Ei in Construction 2.4.
If n ă m then CoxpX pn,mqq is generated by the TI,J for 1 ď |I|, |J | ď n ` 1 and the Si for
i “ 1, . . . , n ´ 1. If n “ m then CoxpX pnqq is generated by the TI,J for 1 ď |I|, |J | ď n and the Si
for i “ 1, . . . , n.
Now, consider Qpnq and let S`i be the canonical section associated to the exceptional divisor E
`
i
in Construction 2.6. Then CoxpQpnqq is generated by the subspaces H`k`1 for k “ 0, . . . , n´ 1 and
the S`i for i “ 1, . . . , n.
Proof. By [ADHL15, Theorem 4.5.4.6] if G is a semi-simple and simply connected algebraic group
and pX,G ,B, x0q is a spherical variety with boundary divisors E1, . . . , Er and colorsD1, . . . ,Ds then
CoxpXq is generated as a K-algebra by the canonical sections of the Ei’s and the finite dimensional
vector subspaces linKpG ¨Diq Ď CoxpXq for 1 ď i ď s.
Consider the case n ă m. By Proposition 3.6 we have that BpX pn,mqq “ tE1, . . . , Enu and
CpX pn,mqq “ tD1, . . . ,Dn`1u. Recall that for any k “ 0, . . . , n the divisor Dk`1 is the strict
transform of the hypersurface in PN defined by the determinant of the pk ` 1q ˆ pk` 1q most right
down minor of the matrix Z. Let us denote by ZrdI,J such minor.
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Note that detpZrdI,Jq P IpSeckpSqq, and by the description of the action of G “ SLpn ` 1q ˆ
SLpm ` 1q in Lemma 3.3 we have that g ¨ detpZrdI,Jq P IpSeckpSqq for any g P G, and hence
linKpG ¨ detpZ
rd
I,Jqq Ď IpSeckpSqq. Since IpSeckpSqq is generated by the pk ` 1q ˆ pk ` 1q minors of
Z it is enough to show that linKpG ¨ detpZ
rd
I,Jqq “ IpSeckpSqq.
Now, let ZI,J be the pk`1qˆpk`1q minor of Z corresponding to I “ ti0, . . . , iku, J “ tj0, . . . , jku.
Recall that zi,j “ xixj in the notation of Section 2. Consider an element a P SLpn ` 1q such that
a ¨ xin´k “ x0, a ¨ xn´k`1 “ xi1 , . . . , a ¨ xn “ xik , and an element b P SLpm` 1q such that b ¨ ym´k “
yi0 , a ¨ ym´k`1 “ yi1 , . . . , a ¨ ym “ yik . Then g “ pa, bq P G is such that g ¨ detpZ
rd
I,Jq “ detpZI,Jq.
Therefore, linKpG ¨ Dk`1q is the subspace of H
0pX pn,mq,Dk`1q generated by the TI,J ’s with
|I| “ |J | “ k ` 1.
For X pnq we can argue in an analogous way. The situation gets trickier when we consider Qpnq.
Note that in this case tdetpZ`I,J “ 0u Ă P
N` is a cone and the dimension of the vertex of such cone
depends on whether the minor Z`I,J is principal or not. Indeed, starting from Z
rd`
I,J we can reach
any principal minor by a translation with an element of G “ SLpn ` 1q as we did in the previous
cases, but we can not reach via such a translation the non-principal minors of Z.
Recall that to any pn ` 1q ˆ pn ` 1q symmetric matrix Z` we may associate the
`
n`1
k`1
˘
ˆ
`
n`1
k`1
˘
symmetric matrix ^k`1Z`. Now, ^k`1Z` corresponds to a degree two homogeneous polynomial
on
Źk`1 V that is to an element of Sym2pŹk`1 V q. This association gives a representation of
G “ SLpn` 1q on Sym2p
Źk`1 V q – IpSeckpVqq.
Consider the orbit G ¨ detpZrd`I,J q Ď IpSeckpVqq. Our aim is to describe the irreducible sub
representation linKpG ¨ detpZ
rd`
I,J qq Ď IpSeckpVqq.
Recall that if v P
Źk`1 V is a highest weight vector of weight p0, . . . , 0, 1, 0, . . . , 0q for G , where
the 1 is in the pk ` 1q-th entry then v b v is a highest weight vector of weight p0, . . . , 0, 2, 0, . . . , 0q
for G , where again the 2 is in the pk ` 1q-th entry. In our case the role of such a highest weight
vector is played by Zrd`I,J . Let Γp0,...,0,2,0,...,0q be the corresponding irreducible representation.
Note that IpGpk, nqq2 Ď Sym
2p
Źk`1 V q is stabilized by the action of G . Therefore, we get a
representation of G on Hk`1 and by the above discussion we have Γp0,...,0,2,0,...,0q Ď Hk`1. Finally,
Lemmas 4.5 and 4.8 yield Γp0,...,0,2,0,...,0q “ Hk`1, and hence linKpG ¨ detpZ
rd`
I,J qq “ Γp0,...,0,2,0,...,0q “
Hk`1. 
Example 4.11. In order to help the reader in grasping the argument for the symmetric case in the
proof of Theorem 4.10 we work out explicitly the first non-trivial case. Consider a 4ˆ 4 symmetric
matrix Z` with entries zi,j. Then ^
2Z` is given by¨˚
˚˚˚˚
˚˝
z0,0z1,1 ´ z
2
0,1 z0,0z1,2 ´ z0,1z0,2 z0,0z1,3 ´ z0,1z0,3 z0,1z1,2 ´ z1,1z0,2 z0,1z1,3 ´ z1,1z0,2 z0,2z1,3 ´ z1,2z0,3
z0,0z1,2 ´ z0,2z0,1 z0,0z2,2 ´ z
2
0,2 z0,0z2,3 ´ z0,2z0,3 z0,1z2,2 ´ z1,2z0,2 z0,1z2,3 ´ z1,2z0,3 z0,2z2,3 ´ z2,2z0,3
z0,0z1,3 ´ z0,3z0,1 z0,0z2,3 ´ z0,3z0,2 z0,0z3,3 ´ z
2
0,3 z0,1z2,3 ´ z1,3z0,2 z0,1z3,3 ´ z1,3z0,3 z0,2z3,3 ´ z2,3z0,3
z0,1z1,2 ´ z0,2z1,1 z0,1z2,2 ´ z0,2z1,2 z0,1z2,3 ´ z0,2z1,3 z1,1z2,2 ´ z
2
1,2 z1,1z2,3 ´ z1,2z1,3 z1,2z2,3 ´ z2,2z1,3
z0,1z1,3 ´ z0,3z1,1 z0,1z2,3 ´ z0,3z1,2 z0,1z3,3 ´ z0,3z1,3 z1,1z2,3 ´ z1,3z1,2 z1,1z3,3 ´ z
2
1,3 z1,2z3,3 ´ z2,3z1,3
z0,2z1,3 ´ z0,3z1,2 z0,2z2,3 ´ z0,3z2,2 z0,2z3,3 ´ z0,3z2,3 z1,2z2,3 ´ z1,3z2,2 z1,2z3,3 ´ z1,3z2,3 z2,2z3,3 ´ z
2
2,3
‹˛‹‹‹‹‹‚
Let us interpret this matrix as a quadric on Pp
Ź
2 V q. Fix homogeneous coordinates rx0 : ¨ ¨ ¨ : x5s
on Pp
Ź
2 V q. Then we may write the quadric corresponding to ^2Z` as
Q^2Z`px0, . . . , x5q “
ÿ
0ďiď5
p^2Z`qpi,iqx
2
i ` 2
ÿ
0ďiăjď5
p^2Z`qpi,jqxixj
Note that the entries of ^2Z` satisfy the relation
p^2Z`qp0,5q´p^
2Z`qp1,4q`p^
2Z`qp2,3q “ z0,2z1,3´z1,2z0,3´z0,1z2,3`z1,2z0,3`z0,1z2,3´z1,3z0,2 “ 0
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and indeed x0x5 ´ x1x4 ` x2x3 “ 0 is the Plücker equation cutting out Gp1, 3q in Pp
Ź
2 V q. The
vector space Sym2p
Ź
2 V q admits a decomposition
Sym2p
2ľ
V q “ xx0x5 ´ x1x4 ` x2x3y ‘H2
into two irreducible representations of SLp4q, where H2 – H
0pGp1, 3q,OGp1,3qp2qq is the linear span
of the SLp4q-orbit of z2,2z3,3 ´ z
2
2,3 in Sym
2p
Ź
2 V q.
Remark 4.12. Theorem 4.10 yields that CoxpX pn,mqq has exactly
řn`1
k“1
`
n`1
k
˘`
m`1
k
˘
`n indepen-
dent generators if n ă m, and
řn`1
k“1
`
n`1
k
˘`
m`1
k
˘
` n´ 1 if n “ m.
Relations. Let us consider X p1,mq. The matrix Z in (2.1) is of the form
(4.12)
ˆ
z0,0 z0,1 . . . z0,m
z1,0 z1,1 . . . z1,m
˙
For simplicity of notation we denote by Ti,j the canonical section associated to the strict transform
of the hyperplane tzi,j “ 0u, and by Ri,j the canonical section of the strict transform of the quadric
defined by the determinant of the 2 ˆ 2 minor constructed with the columns of the matrix (4.12)
indexed by i, j.
By Theorem 4.10 CoxpX p1,mqq is generated by the Ti,j, the Ri,j and S1. By Theorem 3.13 the
grading matrix, with respect to the natural grading induced by PicpX p1,mqq “ ZrH,Es, of these
generators is the following ¨˝
degpTi,jq degpRi,jq degpS1q
1 2 0
0 ´1 1
‚˛
Note that for any 2ˆ 3 sub-matrix of (4.12)ˆ
z0,j0 z0,j1 z0,j2
z1,j0 z1,j1 z1,j2
˙
we have two relations among the generators given by
(4.13)
"
T0,j0Rj1,j2 ´ T0,j1Rj0,j2 ` T0,j2Rj0,j1 “ 0
T1,j0Rj1,j2 ´ T1,j1Rj0,j2 ` T1,j2Rj0,j1 “ 0
Furthermore, since the quadric tz0,iz1,j ´ z0,jz1,j “ 0u has multiplicity one along the Segre variety
S Ď PN with a slight abuse of notation we may write
Ri,jS1 “ f
˚ptz0,iz1,j ´ z0,jz1,i “ 0uq
where f : X p1,mq Ñ PN is the blow-up morphism in Construction 2.4. In this way we get the
relations
(4.14) T0,jT1,i ´ T0,iT1,j `Ri,jS1 “ 0
Proposition 4.15. The Cox ring of X p1,mq is given by
CoxpX p1,mqq –
KrTi,j , Rh,k, S1s
I1,m
where I1,m is the ideal generated by the polynomials in (4.13) and (4.14).
ON THE BIRATIONAL GEOMETRY OF SPACES OF COMPLETE FORMS I: COLLINEATIONS AND QUADRICS 19
Proof. Note that the equations (4.13) and (4.14) are exactly the Plücker equations generating the
homogeneous ideal of the Grassmannian of lines Gp1,m` 2q Ă Pp
m`3
2
q´1, where we are interpreting
Ti,j, Ri,j , S1 as the Plücker coordinates on P
pm`3
2
q´1. Now, Remark 4.4 yields
dimCoxpX p1,mqq “ dimpX p1,mqq ` rankPicpX p1,mqq “ 2pm` 1q ´ 1` 2 “ 2m` 3
Finally, to conclude it is enough to observe that Gp1,m`2q is irreducible and reduced of dimension
2m` 2 “ dimCoxpX p1,mqq ´ 1. 
Furthermore, for the space X p2q of complete collineations of P2, and the space of complete conics
Qp2q we have the following result.
Proposition 4.16. Let T`I,J be the canonical section associated to the strict transform of the hy-
persurface tdetpZI,Jq
` “ 0u Ă P5. The Cox rings of X p2q and Qp2q are given respectively by
CoxpX p2qq –
KrTI,J , S1, S2s1ď|I|,|J |ď2
IpGp2, 5qq
, CoxpQp2qq –
KrT`I,J , S1, S2s1ď|I|,|J |ď2
IpLGp2, 5qq
where LGp2, 5q Ă P13 is the Lagrangian Grassmannian parametrizing 3-dimensional Lagrangian
subspaces of a fixed 6-dimensional vector space.
Proof. Note that by Theorem 4.10 CoxpQp2qq has exactly 14 generators. Let Z “ pzi,jq be a general
3ˆ 3 symmetric matrix. The Lagrangian Grassmannian LGp2, 5q is the closure of the image of the
map
Sym2 V Ñ P13
Z ÞÝÑ p1, z0,0, z0,1, z0,2, z1,1, z1,2, z2,2,^
2Z,^3Zq
where ^2Z represents the six 2 ˆ 2 minors of Z. When we take the closure we add the missing
variable S1, and the quadrics cutting out LGp2, 5q Ă P
13 induce quadratic relations among the
generators of CoxpQp2qq. Now, Remark 4.4 yields dimCoxpQp2qq “ 5 ` 2 “ 7, and to conclude it
is enough to observe that LGp2, 5q Ă P13 is a 6-dimensional irreducible and reduced variety.
For X p2q we can argue in a completely analogous way, just note that in this case for the dimension
of the Cox ring we have dimCoxpX p2qq “ 8` 2 “ 10 “ dimpGp2, 5qq ` 1. 
As a first application of Theorem 4.10 we compute the number of extremal rays of the movable
cones of the spaces of complete forms.
Proposition 4.17. The movable cones of X pnq and Qpnq are generated by 2n´1 extremal rays, while
if n ă m then the movable cone of X pn,mq is generated by 2n´1 ` 1 extremal rays. Furthermore,
the isomorphism i˚ : PicpX pnqq Ñ PicpQpnqq, induced by the natural inclusion i : Qpnq Ñ X pnq,
yields an isomorphism between MovpX pnqq and MovpQpnqq.
Proof. We will develop in full detail the argument for X pnq. The same ideas with the obvious
variations work for the other cases as well.
For n “ 1 the statement is trivially verified. By Proposition 3.6 X p2q has Picard rank two, and
Theorem 3.13 yields that NefpX p2qq “ xH, 2H ´ Ey. Note that the divisor H induces the blow-up
morphism f : X p2q Ñ P8 contracting the exceptional divisor E. Furthermore, the strict transform
of a secant line to the Segre variety S Ă P8 has zero intersection with 2H ´ E, and hence 2H ´ E
induces a birational morphism contracting the strict transform of Sec2pSq, which is a divisor in
X p2q. This means that H and 2H ´ E are the extremal rays of the movable cone of X p2q, that is
MovpX q “ NefpX q “ xH, 2H ´ Ey.
When n ě 3 we use [ADHL15, Proposition 3.3.2.3] which gives a way of computing the movable
cone starting from the generators of the Cox ring. For instance, consider X p3q. By Theorem 4.10
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the degree of the generators of CoxpX p3qq, with respect to the natural grading on PicpX p3qq, are
the columns of the matrix
(4.18)
¨˝
0 0 1 2 3 4
1 0 0 ´1 ´2 ´3
0 1 0 0 ´1 ´2
‚˛
where the repeated degrees have been omitted. Now, via a straightforward computation [ADHL15,
Proposition 3.3.2.3] yields
(4.19) MovpX p3qq “ xH, 2H ´E1, 3H ´ 2E1 ´ E2, 6H ´ 3E1 ´ 2E2y
Therefore the statement is verified for n “ 1, 2, 3. We proceed by induction on n. Consider a
general Pn´1ˆPn´1 Ă PnˆPn, and the corresponding inclusion of Segre varieties σpPn´1ˆPn´1q Ă
σpPn´1ˆPn´1q Ă PN . Restricting Construction 2.4 to the smaller Segre variety we get an embedding
i : X pn´ 1q Ñ X pnq which in turn induces a surjective morphism
i˚ : PicpX pnqq Ñ PicpX pn ´ 1qq
mapping MovpX pnqq onto MovpX pn ´ 1qq. Note that i˚ is the linear projection from En.
Let D be an extremal ray of MovpX pn´ 1qq. Note that E1,H1, . . . ,Hn´1 generate a hyperplane
in PicpX pnqq, and that the plane i˚´1pDq must contain at least one and at most two extremal
rays of MovpX pnqq. Note that we may identify the hyperplane xE1, . . . , En´1y Ă PicpX pnqq with
PicpX pn ´ 1qq.
By [ADHL15, Proposition 3.3.2.3] and the description of the generators of CoxpX pnqq in Theorem
4.10 we get that the plane i˚´1pDq contains exactly two generators of MovpX pnqq, namely the rays
given by the intersections of i˚´1pDq with the hyperplanes xE1,H1, . . . Hn´1y and xE1,H3, . . . ,Hny.
Furthermore, note that if D1,D2 are two distinct extremal rays of MovpX pn´ 1qq then i
˚´1pD1q
and i˚´1pD2q intersect exactly along the line generated by En.
Therefore, for any extremal ray of MovpX pn´ 1qq we have two extremal rays of MovpX pnqq, and
finally we get the statement by induction.
Finally, the fact that i˚ : PicpX pnqq Ñ PicpQpnqq induces an isomorphism between MovpX pnqq
and MovpQpnqq descends from the computation of the generators of the Cox rings in Theorem 4.10
and [ADHL15, Proposition 3.3.2.3]. 
Remark 4.20. In Appendix A we present three Maple scripts, based on Theorem 4.10 and
[ADHL15, Proposition 3.3.2.3], computing the extremal rays of the movable cone of X pn,mq, X pnq
and Qpnq.
In what follows, by a slight abuse of notation, we will keep denoting by TI,J the canonical section
associated to the strict transform of the hypersurface tdetpZI,Jq “ 0u Ă P
N , and by Sj the canonical
section associated to the exceptional divisor Ej in the intermediate spaces X pn,mqi in Construction
2.4.
Proposition 4.21. Let X pn,mqi be the intermediate space appearing at the step 1 ď i ď n ´ 1 of
Construction 2.4. The Cox ring CoxpX pn,mqiq is generated by the TI,J for 1 ď |I|, |J | ď n` 1 and
the Sj for j “ 1, . . . , i.
Furthermore, the analogous statements, with the obvious modifications, hold for the intermediate
spaces Qpnqi in Construction 2.6.
Proof. It is enough to argue as in the proof of Theorem 4.10 using Proposition 3.17 instead of
Proposition 3.6. 
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5. Birational models
In this section, using the main results in Sections 3 and 4, we will investigate birational models
of the spaces of complete collineations. In particular, we will relate these models to varieties
parametrizing degeneration loci of matrices of maximal rank and rational normal curves.
Proposition 5.1. For any k “ 1, . . . , n ` 1 the divisor Dk in Theorem 3.13 induces a morphism
pik : X pn,mq Ñ PpHomp
ŹkW,Źk V qq mapping a general point Z P X pn,mq to ^kZ.
If n ă m then pik is birational onto its image for k “ 1, . . . , n, while pin`1 is a fibration onto the
Grassmannian Gpn,mq Ď Pp
Źn`1W ˚q parametrizing n-planes in Pm.
In particular, if n “ m then pik : X pnq Ñ PpHomp
ŹkW,Źk V qq is birational onto its image for
any k “ 1, . . . , n.
Proof. By (2.3) the space of complete collineations inherits n` 1 natural morphisms
prk|X pn,mq : X pn,mq Ď
n`1ą
k“1
PpHomp
kľ
W,
kľ
V qq Ñ PpHomp
kľ
W,
kľ
V qq
given by the restrictions of the projections onto the factors. By Theorem 3.13 the sections of the
linear system |Dk| are the strict transforms of the hypersurfaces of P
N defined by the kˆ k minors
of the matrix Z in (2.1). That is, we have a commutative diagram
X pn,mq
PN PpHomp
ŹkW,Źk V qq
f
prk|Xpn,mq
where PN Ñ PpHomp
ŹkW,Źk V qq is the rational map defined by the k ˆ k minors of the matrix
Z in (2.1). Therefore, pik “ prk|X pn,mq is the morphism induced by Dk.
Note that if k “ 1, . . . , n then by Theorem 3.13 Dk is nef and big. Furthermore if 1 ď k ď n,
two pn` 1q ˆ pm` 1q matrices of maximal rank having all the pkˆ kq-minors equal, differ for some
non-zero multiplicative scalar. Therefore, pik is birational onto its image for k “ 1, . . . , n.
Since by Theorem 3.13 Dn`1 generates an extremal ray of both NefpX pn,mqq and EffpX pn,mqq
when n ă m we get that pin`1 is a fibration.
Finally, note that since pin`1 is given by the maximal minors of a general matrix Z as in (2.1)
we have the following commutative diagram
X pn,mq
Gpn,mq PpHomp
Źn`1W,Źn`1 V qq – PpŹn`1W ˚qpl
pin`1
where the vertical rational map X pn,mq 99K Gpn,mq associates to a full rank matrix Z P X pn,mq
the n-plane in Pm generated by its rows, and the morphism pl : Gpn,mq Ñ Pp
Źn`1W ˚q is the
Plücker embedding. 
Now, let Z : W Ñ V be a linear map. The linear map ^kZ :
ŹkW Ñ Źk V defines a
bihomogeneous polynomial of bidegree p1, 1q on Pp
ŹkW ˚q ˆ PpŹk V q, which in turn corresponds
to an element DZ,k of the linear system |OGpk´1,mqˆGpk´1,nqp1, 1q|, where Gpk´1,mqˆGpk´1, nq is
embedded in Pp
ŹkW ˚q ˆ PpŹk V q via the product of the Plücker embeddings of Gpk ´ 1,mq and
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Gpk´ 1, nq. Recalling that Homp
ŹkW,Źk V q –ŹkW ˚bŹk V we may rewrite the morphism pik
in Proposition 5.1 as follows
pik : X pn,mq ÝÑ Pp
ŹkW ˚ bŹk V q
Z ÞÝÑ DZ,k
Definition 5.2. We define the variety of degeneration pairs DegkpX pn,mqq as the image of the
morphism pik.
Now, arguing as in the proof of [Hue15, Lemma 5] we have the following.
Proposition 5.3. Let Z :W Ñ V be a linear map of maximal rank, and prL1s, rL2sq P Gpk´1,mqˆ
Gpk´1, nq be a point corresponding to two k-dimensional vector subspaces L1 ĎW
˚, L2 Ď V . Then
DZ,kprL1s, rL2sq “ 0 if and only if Z|L1ˆL2 is singular.
Proof. Let Z :“ Z|L1ˆL2 . We have thatDZ,kprL1s, rL2sq “ 0 if and only if L
t
1^
kZL2 “ ^
kpLt1ZL2q “
^kZ “ detpZq “ 0. 
Proposition 5.3 tells us that DegkpX pn,mqq carries a modular interpretation. Indeed, a general
point of DegkpX pn,mqq corresponds to a bihomogeneous polynomial on Gpk ´ 1,mq ˆ Gpk ´ 1, nq
whose zero locus consist of pairs of k-dimensional vector subspaces on which a linear map of maximal
rank Z PW ˚ b V degenerates.
Lemma 5.4. Let D be a base-point-free divisor on a normal scheme X. Assume that the morphism
fD : X Ñ PpH
0pX,OXpDqq
˚q induced by D is birational onto its image fDpXq. Then the model
XpDq “ Projp
À
rě0H
0pX,OX prDqqq is the normalization of fDpXq.
Proof. The model XpDq is the image of the morphism fsD : X Ñ PpH
0pX,OX psDqq
˚q for s " 0.
If C Ď X is an irreducible curve we have D ¨ C “ 0 if and only if sD ¨ C “ 0. Therefore,
fD and fsD contract the same irreducible curves in X, and hence there exists a finite morphism
g : XpDq Ñ fDpXq such that h ˝ fsD “ fD.
Since X is normal we have that XpDq is also normal. Furthermore, since fD is birational g is
birational as well.
Now, since XpDq is normal g : XpDq Ñ fDpXq factors through the normalization ν : fDpXq
ν Ñ
fDpXq, and we get a morphism h : XpDq Ñ fDpXq
ν . Finally, since g is birational and finite h is
birational and finite as well, and since XpDq and fDpXq
ν are normal Zariski’s main theorem [Har77,
Corollary 11.4] yields that h : XpDq Ñ fDpXq
ν is an isomorphism. 
Higher order dual varieties. We will denote by MordpP
1,Pnq the quasi-projective subvariety of
Pnpd`1q`d parametrizing morphisms f : P1 Ñ Pn, fpu, vq “ rf0pu, vq : ¨ ¨ ¨ : fnpu, vqs, where
f0, . . . , fn are degree d homogeneous polynomials in two variables with no non-constant common
factors.
For a smooth point x P X Ă PN of an irreducible variety, the r-osculating space T rxX of X at x
is roughly speaking the smaller linear subspace where X can be locally approximated up to order r
at x.
Definition 5.5. Let X Ă PN be a projective variety of dimension n, and x P X a smooth point.
Choose a local parametrization of X at x:
φ : U Ď Cn ÝÑ CN
pt1, . . . , tnq ÞÝÑ φpt1, . . . , tnq
0 ÞÝÑ x
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For a multi-index I “ pi1, . . . , inq, set φI “
B|I|φ
Bt
i1
1
...Btinn
. For any r ě 0, let OrxX be the affine subspace
of CN centered at x and spanned by the vectors φIp0q with |I| ď r. The r-osculating space T
r
xX of
X at x is the projective closure of OrxX in P
N .
Note that T 0xX “ txu, and T
1
xX is the usual tangent space of X at x. Consider the incidence
variety
Ir “ tpx,Hq | x P X, H Ě T
r
xXu Ă P
N ˆ PN˚
PN PN˚
pir
2
pir
1
Clearly, pir
1
pIrq “ X while pi
r
2
pIrq “ X
˚
r Ă P
N˚ is the r-dual variety of X. Note that X˚
1
“ X˚ is
the usual dual variety of X. Similarly, we may consider the incidence variety
I˚r “ tpx,Hq | x P X
˚
r , H Ě T
r
xX
˚
r u Ă P
N˚ ˆ PN
PN˚ PN
pir˚
2
pir˚
1
We have that pir˚
1
pI˚r q “ X
˚
r while pi
r
2
pI˚r q “ pX
˚
r q
˚
r Ă pP
N˚q˚ “ PN is the r-dual variety of X˚r .
Lemma 5.6. Let C Ă PN be an irreducible non-degenerated curve. Then dimpIrq “ N ´ r “
dimpC˚r q “ N ´ r.
Proof. Let x P C be a smooth point. Since C is a non-degenerated curve we have dimpT rxCq “
r for r “ 0, . . . , N . Note that pi´1
1
pxq parametrizes the hyperplanes containing T rxC. Hence
dimppi´1
1
pxqq “ N ´ r ´ 1 and dimpIrq “ N ´ r.
Now, fix a general point H P C˚r . Then pi
´1
2
pHq consists of the points x P C such that H Ą T rxC.
Again since C is a non-degenerated curve H Ą T rxC just for finitely many points of x P C. Therefore,
dimppi´1
2
pHqq “ 0 and dimpC˚r q “ N ´ r. 
Complete collineations and parametrized rational normal curves. Consider the standard
rational normal curve C Ă Pn defined by the image of the map γ : P1 Ñ Pn, γpu, vq “ run : un´1v :
¨ ¨ ¨ : uvn´1, vns. We can associate to an pn`1qˆpn`1q matrix Z “ pzi,jq the parametrized rational
normal curve CZ :“ Z ¨C given by the image of the morphism γZ : P
1 Ñ Pn, γZpu, vq “ rγZ,0pu, vq :
¨ ¨ ¨ : γZ,npu, vqs, where γZ,ipu, vq “ zi,0u
n ` zi,1u
n´1v ` ¨ ¨ ¨ ` zi,nv
n.
This association gives a one-to-one correspondence between the open subset of PpHompV, V qq
parametrizing matrices of maximal rank and the subset of MornpP
1,Pnq of smooth parametrized
degree n rational curves.
Proposition 5.7. Let Z P X pnq be a matrix of maximal rank. For any r “ 0, . . . , n ´ 1 the image
of the morphism
γrZ : P
1 ÝÑ Gpr, nq Ă Pp
Źr`1 V q
pu, vq ÞÝÑ T r
γZ pu,vq
CZ
is a rational normal curve of degree pr ` 1qpn ´ rq in the Grassmannian Gpr, nq Ă Pp
Źr`1 V q.
The rational map
gr : X pnq 99K Morpr`1qpn´rqpP
1,Pp
Źr`1 V qq
Z ÞÝÑ γrZ
is induced by a sub linear system of the complete linear system of the nef divisor Dr`1 in Theorem
3.13, and it is regular and bijective onto its image on X pnqzE1 Y ¨ ¨ ¨ YEn.
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Proof. Since γrZ can be obtained by translating the image of γ
r
Id via ^
r`1Z it is enough to prove
that γrIdpP
1q Ă Pp
Źr`1 V q is a rational normal curve of degree pr ` 1qpn ´ rq.
Consider the affine chart v “ 1 and the matrix
Drγ “
¨˚
˚˝˚ u
n un´1 . . . u 1
c1,0u
n´1 c1,1u
n´2 . . . 1 0
...
...
. . .
...
...
cr,0u
n´r cr,1u
n´r´1 . . . 0 0
‹˛‹‹‚
Then the map γrId is given by the pr ` 1q ˆ pr ` 1q minors of D
r
γ which are polynomials of degree
n` pn´ 2q ` pn´ 4q ` ¨ ¨ ¨ ` n´ 2r `
rÿ
i“0
n´ 2i “ pr ` 1qpn ´ rq
in u. For a general matrix Z P X pnq consider the corresponding matrix DrγZ . By the previous
description the coefficients of the coordinate functions of the morphism γrZ are linear combinations
of the pr ` 1q ˆ pr ` 1q minors of Z. Now, it is enough to observe that by Proposition 3.6 these
minors are sections of the complete linear system of the nef divisor Dr`1. Finally, to see that g
r is
well-defined on X pnqzE1 Y ¨ ¨ ¨ Y En it is enough to observe that γ
r
Z is defined for any matrix Z of
maximal rank. 
Remark 5.8. Proposition 5.7 generalizes the following classical fact: the tangent lines and the
osculating planes of a twisted cubic in P3 are parametrized respectively by a rational normal quartic
in Gp1, 3q Ă P5, and another twisted cubic in P3˚.
Proposition 5.9. Let C Ă Pn be a degree n rational normal curve. Then C˚r Ă P
n˚ is non-
degenerated for r “ 1, . . . , n ´ 1, and T rxC
˚
r Ă P
n˚ is a hyperplane for x P C˚r general and r “
1, . . . , n´ 1. Furthermore pC˚r q
˚
r “ C for r “ 1, . . . , n´ 1.
Proof. We may assume that C is the standard rational normal curve given by the image of γ.
Note that C˚n´1 Ă P
n˚ is the rational normal curve defined by the image of the morphism γn´1Id in
Proposition 5.7. Therefore, C˚n´1 Ď P
n˚ is non-degenerated and since
C˚n´1 Ă C
˚
n´2 Ă ¨ ¨ ¨ Ă C
˚
1 Ă P
n˚
we conclude that C˚n´2 Ă ¨ ¨ ¨ Ă C
˚
1
Ă Pn˚ are non-degenerated as well.
Now, Lemma 5.6 yields that dimpC˚r q “ n ´ r. Therefore, for a general point x P C
˚
r we have
dimpT 1xC
˚
r q “ n ´ r and T
1
xC
˚
r Ř T
2
xCr˚ Ř T
r
xC
˚
r . This yields dimpT
r
xC
˚
r q ě n ´ 1 and hence
dimpT rxC
˚
r q ě n ´ 1. In particular, the inverse image of x P C
˚
r via pi
r˚
1 has dimension zero and
dimpI˚r q “ dimpC
˚
r q “ n ´ r. Finally, by Lemma 5.6 we have that dimpI
˚
r q “ dimpIrq, and then
[Pie83, Proposition 1] yields pC˚r q
˚
r “ C. 
Proposition 5.10. There exists a rational linear projection
pi : PpHomp
r`1ľ
V,
r`1ľ
V qq 99K Morpr`1qpn´rqpP
1,
r`1ľ
V q Ă PNr
making commutative the following diagram
X pnq PpHomp
Źr`1 V,Źr`1 V qq
Morpr`1qpn´rqpP
1,
Źr`1 V q Ă PNr
prr`1|Xpnq
pi
gr
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where Nr “
`
n`1
r`1
˘
ppr ` 1qpn ´ rq ` 1q. Furthermore, pi is regular and a bijection onto its image on
prr`1|X pnqpX pnqzE1 Y ¨ ¨ ¨ Y Enq.
Proof. Since by Proposition 5.7 gr is induced by a sub linear system of the complete linear system
|Dr`1| inducing prr`1|X pnq the existence of the linear projection pi follows. Furthermore, the claim
on its regularity on prr`1|X pnqpX pnqzE1 Y ¨ ¨ ¨ Y Enq is a direct consequence of the last part of
Proposition 5.7.
Note that if C Ă Pn is a degree n rational normal curve then for any x P C the r-osculating
space of C at x intersects C just in x with multiplicity r ` 1. In order to show this claim assume
there is another point y P T rxC X C, take x1, . . . , xn´r´1 P C general, and consider the linear span
H “ xT rxC, x1, . . . , xn´r´1y. Since dimpT
r
xCq “ r we have dimpHq “ r ` n ´ r ´ 1 “ n ´ 1, and
H intersects C in at least pr ` 1q ` 1 ` n ´ r ´ 1 “ n ` 1 points counted with multiplicity. Now,
degpCq “ n forces C Ă H. A contradiction, since C Ă Pn is non-degenerated.
Now, let Z,Z 1 be two matrices of maximal rank such that γrZ “ γ
r
Z 1. Then any r-osculating plane
of C “ γZpP
1q is an r-osculating plane of Γ “ γZ 1pP
1q as well. Therefore, C˚r “ Γ
˚
r and Proposition
5.9 yields C “ pC˚r q
˚
r “ pΓ
˚
r q
˚
r “ Γ. Then γZ , γZ 1 : P
1 Ñ C “ Γ Ă Pn have the same image. Now,
since γrZppq “ T
r
γZ ppq
C “ T r
γZ1 ppq
C “ γrZ 1ppq for any p P P
1, and for any x P C the r-osculating space
T rxC intersects C just in x P C with multiplicity r ` 1, we conclude that γZppq “ γZ 1ppq for any
p P P1. 
Theorem 5.11. For any k “ 0, . . . , n ´ 1 the model associated to the generator Dk`1 of the nef
cone NefpX pn,mqq
X pn,mqpDk`1q “ Projp
à
rě0
H0pX,OX prDk`1qqq – Degk`1pX pn,mqq
ν
is isomorphic to the normalization of the variety of degeneration pairs Degk`1pX pn,mqq.
Furthermore, if n “ m the points of the dense open subset X pnqpDk`1qzfDk`1pE1Y ¨ ¨ ¨ YEnq are
in bijection with the rational normal curves of degree pk ` 1qpn ´ kq in Pp
Źk`1 V q whose points
parametrize the k-osculating planes of a rational normal curve of degree n in Pn.
Proof. By Definition 5.2 Degk`1pX pn,mqq is the image of the morphism pik`1 induced by Dk`1, and
by Proposition 5.1 pik`1 is birational onto Degk`1pX pn,mqq for k “ 0, . . . , n´ 1. Now, to conclude
it is enough to apply Lemma 5.4 with X “ X pn,mq and D “ Dk`1. For the second statement just
recall that pik`1 “ prk`1|X pnq and apply Proposition 5.10. 
6. On the Mori chamber and stable base locus decompositions
In this section we will study the Mori chamber and stable base locus decomposition for spaces
of complete forms. Indeed, taking advantage of the main results in Sections 3 and 4, mostly of
Theorem 4.10, we will relate the decompositions of the space of complete collineations X pnq and
of its subvariety Qpnq parametrizing complete quadrics. In particular, we will provide a complete
description of the Mori chamber and stable base locus decompositions for X p3q.
The stable base locus decomposition. The stable base locus of an effective Q-divisor on a normal
Q-factorial projective variety X has been defined in (3.1). Since stable base loci do not behave well
with respect to numerical equivalence [Laz04, Example 10.3.3], we will assume that h1pX,OXq “ 0
so that linear and numerical equivalence of Q-divisors coincide.
Then numerically equivalent Q-divisors on X have the same stable base locus, and the pseudo-
effective cone EffpXq of X can be decomposed into chambers depending on the stable base locus of
the corresponding linear series called stable base locus decomposition.
26 ALEX MASSARENTI
If X is a Mori dream space, satisfying then the condition h1pX,OX q “ 0, determining the
stable base locus decomposition of EffpXq is a first step in order to compute its Mori chamber
decomposition.
Remark 6.1. Recall that two divisors D1,D2 are said to be Mori equivalent if BpD1q “ BpD2q
and the following diagram of rational maps is commutative
X
XpD1q XpD2q
Ă
φD2φD1
where the horizontal arrow is an isomorphism. Therefore, the Mori chamber decomposition is a
possibly trivial refinement of the stable base locus decomposition.
Lemma 6.2. Let X,Y be normal, projective Q-factorial Mori dream spaces. If there exists an
embedding i : X Ñ Y such that i˚ : PicpY q Ñ PicpXq is an isomorphism inducing an isomorphism
EffpY q Ñ EffpXq, then
- the stable base locus decomposition of EffpY q is a refinement of the stable base locus decomposition
of EffpXq, and the two decompositions coincide outside of the movable cones;
- the Mori chamber decomposition of EffpY q is a refinement of the Mori chamber decomposition
of EffpXq.
Proof. Let D1,D1 P PicpY q be two divisors. If BpD1q “ BpD2q then Bpi
˚D1q “ BpD1q|X “
BpD2q|X “ Bpi
˚D2q. Now, assume that D1,D2 are not movable with stable base loci E1 “
BpD1q, E2 “ BpD2q such that E1 ‰ E2. Then Bpi
˚D1q “ i
˚E1,Bpi
˚D2q “ i
˚E2, and since
i˚ : PicpY q Ñ PicpXq is an isomorphism we conclude that i˚E1 ‰ i
˚E2.
If D1,D2 are Mori equivalent then BpD1q “ BpD2q and we have the following commutative
diagram
X
Y
Xpi˚D1q Y pD1q Y pD2q Xpi
˚D2q
φi˚D1
φi˚D2
φD2φD1
i
Ă
By the first part of the proof BpD1q “ BpD2q yields Bpi
˚D1q “ Bpi
˚D2q. Furthermore, the
isomorphism Y pD1q Ñ Y pD2q restricts to an isomorphism Xpi
˚D1q – Xpi
˚D1q. 
The spaces X p1q, Qp1q have Picard number one, so there is nothing to say on their Mori chamber
decomposition. Those of Picard number two are X p1,mq with m ě 2, X p2q, Qp2q. Their Mori
chamber decomposition coincides with their stable base locus decomposition. For instance, the
Mori chamber decomposition of EffpX p2qq is as follows
E1
D1 „ H
D2 „ 2H ´E1
E2 „ 3H ´ 2E1
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while the Mori chamber decomposition of EffpX p1,mqq with m ě 2 is obtained from the picture
above by removing the ray E2 „ 3H ´ 2E1, and the Mori chamber decomposition of EffpQp2qq is
as the one of EffpX p2qq. Indeed, if m ě 2 Theorem 3.13 yields that EffpX p1,mqq “ xE1,D2y and
NefpX p1,mqq “ xD1,D2y. In this case D2 is a ray of both the effective and the nef cone, hence the
relative wall crossing corresponds to the fibration induced by the linear system of quadrics vanishing
on the Segre variety.
Furthermore, again by Theorem 3.13 we have that EffpQp2qq “ xE1, E2y and NefpX p2qq “
xD1,D2y. In this case crossing the ray D1 corresponds to blowing-down E1, while crossing the ray
D2 induces the blow-down of E2. In particular MovpX p2qq “ NefpX p2qq.
Therefore, from this point of view the first interesting variety is X p3q, which has a 3-dimensional
Néron–Severi space. Before analyzing the decomposition of EffpX p3qq we will prove some general
results relating the Mori chamber and stable base locus decompositions of EffpX pnqq to those of
EffpQpnqq.
Proposition 6.3. The stable base locus decomposition of EffpX pnqq is a refinement of the stable
base locus decomposition of EffpQpnqq, and the two decompositions coincide outside of the movable
cones.
Furthermore, the Mori chamber decomposition of EffpX pnqq is a refinement of the Mori chamber
decomposition of EffpQpnqq.
Proof. By Constructions 2.4, 2.6 and Remark 2.5 we have an embedding i : Qpnq Ñ X pnq. Fur-
thermore, by Proposition 3.6 and Theorem 3.13 i˚ : PicpX pnqq Ñ PicpQpnqq is an isomorphism
inducing an isomorphism between EffpX pnqq and EffpQpnqq. To conclude it is enough to apply
Lemma 6.2. 
Remark 6.4. Recall that by [HK00, Proposition 2.11] given a Mori Dream Space X there is an
embedding i : X Ñ TX into a simplicial projective toric variety TX such that i
˚ : PicpTXq Ñ PicpXq
is an isomorphism inducing an isomorphism EffpTXq Ñ EffpXq. Furthermore, the Mori chamber
decomposition of EffpTXq is a refinement of the Mori chamber decomposition of EffpXq. Indeed,
if CoxpXq – KrT1,...,Tss
I
where the Ti are homogeneous generators with non-trivial effective PicpXq-
degrees then CoxpTXq – KrT1, . . . , Tss.
Notation 6.5. We will denote by xv1, . . . , vsy the cone in R
n generated by the vectors v1, . . . , vs P
Rn. Given two vectors vi, vj we set pvi, vjs :“ xvi, vjy ztviu and pvi, vjq :“ xvi, vjy ztvi, vju.
Before moving forward to the case of X p3q we need to investigate the birational geometry of the
first blow-up in Construction 2.4.
Proposition 6.6. Let X pn,mq1 be the blow-up of P
N along the Segre variety S Ă PN in Construc-
tion 2.4. As usual we write PicpX pn,mq1q “ ZrH,E1s where H is the pull-back of the hyperplane
section of PN , and E1 is the exceptional divisor.
Then the Mori chamber and the stable base locus decompositions of EffpX pn,mq1q coincide and
are represented by the following picture
D1 „ H
E1
D2 „ 2H ´E1
D3 „ 3H ´ 2E1
Dn „ nH ´ pn´ 1qE1
Dn`1 „ pn` 1qH ´ nE1
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where EffpX pn,mq1q “ xE1,Dn`1y, NefpX pn,mq1q “ xD1,D2y and MovpX pn,mq1q “ xD1,Dn`1y
if n ă m, while MovpX pnq1q “ xD1,Dny. As usual, the analogous statements, with the obvious
modifications, hold for the space Qpnq1 in Constructions 2.6.
Proof. The statements on the effective and nef cones follow from Proposition 3.17. Furthermore,
since by Proposition 4.21 we know the generators of CoxpX pn,mq1q the extremal rays of the movable
cone can be easily computed via [ADHL15, Proposition 3.3.2.3].
Furthermore, Proposition 4.21 yields that the generators of CoxpX pn,mq1q are sections of the di-
visors displayed in the picture above. Therefore, by Remark 6.4 the Mori chamber decomposition of
EffpX pn,mq1q must be a possibly trivial coarsening of the decomposition displayed in the statement.
We will prove that such coarsening is indeed trivial by proving that the displayed decomposition is
the stable base locus decomposition of EffpX pn,mq1q. First of all, note that BpDq “ H if and only
if D P rD1,D2s.
Recall that the ideal of SechpSq Ă P
N is cut out by the ph ` 1q ˆ ph ` 1q minors of the matrix
Z in (2.1). Furthermore, Dh`1 is the strict transform of the hypersurface defined by such a minor.
By Lemma 3.10 we have Dh`1 „ ph ` 1qH ´ hE1. Furthermore, by Theorem 3.13 we know that
Dh`1 becomes base-point-free once the strict transform of SechpSq has been blown-up. Therefore,
for any h ě 2 we have that
(6.7) BpDh`1q “ ČSechpSq
where ČSechpSq denotes the strict transform of SechpSq Ă PN in X pn,mq1.
Now, note that if D is a Q-divisor in rE1,D1q then BpDq Ă E. Furthermore, if e is a curve
generating the extremal ray of NEpX pn,mq1q corresponding to the blow-down X pn,mq1 Ñ P
N
we have D ¨ e ă 0, and since the curves of class e cover E we get that E1 Ă BpDq. Therefore,
BpDq “ E1 for any D P rE1,Hq.
Now, let Db1 “ H ` b1E1, Db2 “ H ` b2E1 be effective Q-divisors in X pn,mq1 such that
b2 ď b1 ď 0. Note that we can write
Db2 “ Db1 ` pb2 ´ b1qE1
with b2 ´ b1 ď 0. Therefore
(6.8) BpDb1q Ă BpDb2q
Consider a divisor D P pDh,Dh`1s. Therefore, D „ H`bE1 with ´
h
h`1 ď b ă ´
h´1
h
. Now, consider
a general point p P SechpSq. Then there exist h points x1, . . . , xh P S such that p lies in the linear
span Hx – P
h´1 of x1, . . . , xh, and hence there is a rational normal curve C of degree h´ 1 in Hx
passing through x1, . . . , xh, p. This says that if rC is the strict transform of C in X pn,mq1 then the
curves in X pn,mq1 of class rC cover ČSechpSq. Furthermore, rC „ ph´ 1ql ´ he, where l denotes the
pull-back of a general line in PN , and
D ¨ rC “ h´ 1` bh ă 0
Therefore, ČSechpSq Ď BpDq, and (6.7), (6.8) yield that BpDq “ ČSechpSq for any divisor D P
pDh,Dh`1s. Finally, the decomposition displayed in the statement is both the Mori chamber and
the stable base locus decomposition of EffpX pn,mq1q. 
Let X be a Q-factorial Mori dream space with divisor class group ClpXq of rank two, and
λ0 ď λ1 ă ¨ ¨ ¨ ă λs ď λs`1 be the chambers of the Mori chamber decomposition of EffpXq where
λ1 and λs are respectively the first and the last chamber of MovpXq. Let Xpλhq be the Q-factorial
Mori dream space corresponding to the chamber λh, and let us assume that X “ Xpλ1q corresponds
to the first chamber of MovpXq. The Mori cone of Xpλhq is generated by two extremal rays and we
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will denote by αh : Xpλhq Ñ Yi and βh : Xpλhq Ñ Yh´1 the corresponding extremal contractions.
Since X is a Mori dream space for any h “ 2, . . . s there exists the flip of αh and we have the
following diagram
X “ Xpλ1q Xpλ2q . . . Xpλs´1q Xpλsq
Xpλ0q Y1 Ys´1 Xpλs`1q
α1β1
χ2
β2
αs´1 αs
χs´2
βs
χs´1χ1
The process leading from X “ Xpλ1q to Xpλs`1q is a special type of minimal model program called
a 2-ray game. Note that the 2-ray game may begin with either a divisorial extraction if λ0 ‰ λ1 or a
Mori fibration if λ0 “ λ1, and similarly it may end with either a divisorial contraction if λs ‰ λs`1
or a Mori fibration if λs “ λs`1.
Since X is a Mori dream space the minimal model program runs to completion in the Mori
category, and the 2-ray game leads to a link in the sense of Sarkisov [Cor95]. Note that the 2-ray
game is entirely determined by the initial step X “ Xpλ1q.
Proposition 6.9. In the notations of Proposition 6.6 let X pn,mqh1 be the model of X pn,mq1 cor-
responding to a divisor D P pDh,Dh`1q. If n ă m then the rational map P
N
99K Gpr, nq given by
the minors of order pn` 1q of a general matrix Z as in Proposition 5.1 gives rise to a Sarkisov link
of type I:
X pn,mq1 X pn,mq
n
1
PN Gpn,mq
If n “ m then the birational involution i : PN 99K PN˚ given by mapping an invertible matrix Z to
its inverse gives rise to a Sarkisov link of type II:
X pnq1 X pnq
n´1
1
PN PN˚
Furthermore, Xpnqn´1
1
– X pnq1, and the birational involution i : P
N
99K PN˚ lifts to an automor-
phism Zinv : X pnq Ñ X pnq. Finally, the same statements hold for the variety of complete quadrics
Qpnq Ă X pnq.
Proof. The description of the maps as Sarkisov links follows from Proposition 5.1 and the description
of the Mori chamber decomposition of EffpX pn,mq1q in Proposition 6.6.
If n “ m let us denote by S Ă PN the Segre variety in the source PN , and by S 1 Ă PN the Segre
variety in the target PN˚. Note that i : PN 99K PN˚ contracts SecnpSq onto S
1, and this is the only
divisor contracted by i. Therefore, if Y is the blow-up of PN˚ along S 1 we get that i lifts to a small
Q-factorial transformation X pnq 99K Y . Note that the divisor that gets contracted by crossing the
wall Dn in Proposition 6.6 is exactly the strict transform of SecnpSq through the sequence of flips
leading from X pn,mq1 to X pnq
n´1
1
. Therefore, Y must be the model X pnqn´1
1
corresponding to the
second last chamber in Proposition 6.6.
Finally, note that X pnq has a distinguished automorphism given by restricting the automorphism
of the product (2.2) switching PpHomp
ŹkW,Źk V qq and PpHompŹn`1´kW,Źn`1´k V qq. Clearly,
this automorphism is Zinv : X pnq Ñ X pnq. 
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Remark 6.10. Note that in the sequence of flips X pn,mq1 99K X pn,mq
n
1 , and X pnq1 99K X pnq
n´1
1
in the Sarkisov links of Proposition 6.9 the flipped loci are the strict transforms of the secant varieties
of S in order of increasing dimension. Indeed, by the proof of Proposition 6.6 we have that the
stable base locus of a divisor D P pDh,Dh`1s is exactly ČSechpSq.
The models X pn,mqh1 arising from Proposition 6.6 are the varieties constructed as Mumford
quotient and through a VGIT argument in [Tha99, Section 3]. Indeed, in [Tha99, Theorem 2.3]
M. Thaddeus proved that the inverse limit of these varieties is exactly the space of complete
collineations.
Theorem 6.11. The Mori chamber decomposition of X p3q consists of nine chambers described in
the following 2-dimensional section of EffpX p3qq
E1 E3
E2
D2
D1 D3
DM
where DM „ 6D1 ´ 3E1 ´ 2E2, and MovpX p3qq “ xD1,D2,D3,DM y. The stable base locus decom-
position of EffpX p3qq consists of eight chambers and is obtained by removing the wall joining D2
with E2 in the picture above.
Furthermore, the same statements hold, by replacing the relevant divisors with their pull-backs
via the embedding i : Qp3q Ñ X p3q, for the space of complete quadrics Qp3q.
Proof. First of all, note that by Theorem 4.10 the sections ofD1,D2,D3, E1, E2, E3 are homogeneous
generators of CoxpX p3qq with respect to the usual grading on PicpX p3qq as displayed in (4.18). Fur-
thermore, by (4.19) in the proof of Proposition 4.17 we have that MovpX p3qq “ xD1,D2,D3,DMy,
with DM „ 6D1 ´ 3E1 ´ 2E2.
Now, let TX p3q be a simplicial projective toric variety as in Remark 6.4. Then there is an em-
bedding i : X p3q Ñ TX p3q such that i
˚ : PicpTX p3qq Ñ PicpX p3qq is an isomorphism inducing an
isomorphism EffpTX p3qq Ñ EffpX p3qq. Furthermore, if we set rEj “ i˚´1pEjq, rDj “ i˚´1pDjq then
the sections of rD1, rD2, rD3, rE1, rE2, rE3 are homogeneous generators of CoxpTX p3qq with respect to the
grading on PicpTX p3qq induced by the usual grading on PicpX p3qq via the isomorphism i
˚.
Since TX p3q is toric, the Mori chamber decomposition of EffpTX p3qq can be computed by means of
the Gelfand–Kapranov–Zelevinsky, GKZ for short, decomposition [ADHL15, Section 2.2.2]. Let us
consider the family of vectors in PicpTX p3qq given by W “ p rD1, rD2, rD3, rE1, rE2, rE3q, and let ΩpWq
be the set of all convex polyhedral cones generated by some of the vectors in W. By [ADHL15,
Construction 2.2.2.1] the GKZ chambers of EffpTX p3qq are given by the intersection of all the cones
in ΩpWq containing a fixed divisor D P EffpTX p3qq. Since PicpTX p3qq is 3-dimensional we may picture
the vectors of W in a 2-dimensional section. It is straightforward to see that taking all the possible
intersections of all the convex cones generated by vectors inW we get a picture completely analogous
to the one in the statement.
Now, Remark 6.4 yields that the wall-and-chamber decomposition in the statement is a possibly
trivial refinement of the Mori chamber decomposition of EffpX p3qq. In particular, MovpX p3qq is
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divided in at most two chambers. On the other hand, by Theorem 3.13 we have that NefpX p3qq “
xD1,D2,D3y, and hence on MovpX p3qq the Mori chamber decomposition consists of exactly two
chambers as displayed in the statement.
Let us analyze the stable base locus decomposition of EffpX p3qq. Now, note that NefpX p3qq “
xD1,D2,D3y yields BpDq “ H for any D P xD1,D2,D3y. Furthermore, since DM „ 2D1 ` E3 „
2D3 ` E1 for any divisor D P xD3, E3,DMy along with pD3, E3s Y pDM , E3s we have BpDq Ď E3.
On the other, since such a divisor is not movable its stable base locus must contain at least an
irreducible divisor, and hence BpDq “ E3.
The same argument shows that E1YE3 contains the stable base locus of any divisor D contained
in the interior of xDM , E1, E3y along with pE1, E3q. On the other hand, considering the curves de-
scribed in Proposition 3.20 we see that both E1 and E3 are covered by curves intersecting negatively
such a divisor, so BpDq “ E1 Y E3.
Similarly, we can prove that BpDq “ E1 if and only if D lies in the interior of xD1, E1,DM y
along with pD1, E1sY pDM , E1s, BpDq “ E2YE3 if and only if D lies in the interior of xD3, E2, E3y
along with pE2, E3q, BpDq “ E1YE2 if and only if D lies in the interior of xD1, E1, E2y along with
pE1, E2q.
The chambers xD1,D2, E2y and xD2,D3, E2y require a more careful analysis. In the notation of
Proposition 5.1 the divisor D1`D2 induces the morphism pi1ˆpi2 : X p3q Ñ P
15ˆP35. Similarly, the
divisor D2`D3 induces the morphism pi2ˆ pi3 : X p3q Ñ P
35ˆP15. Therefore, for their exceptional
loci we have Excppi1 ˆ pi2q “ Excppi2 ˆ pi3q “ E2. Now, by Nakamaye’s theorem [Laz04, Theorem
10.3.5] we get that for a divisor D in the interior of xD1,D2,D3, E2y along with pD1, E2sY pD3, E2s
we have BpDq “ E2.
So far we proved that EffpX p3qq is subdivided into eight stable base locus chambers and into at
most nine Mori chambers. Therefore, to conclude the computation of the Mori chamber decomposi-
tion of EffpX p3qq it is enough to prove that the wall joining D2 and E2 divides the stable base locus
chamber delimited by D1,D2,D3 and E2 into two Mori chambers. This could be done simply by
arguing that Mori chambers are convex. Anyway, in the following we will give a more constructive
and geometrical proof.
Consider the blow-up X p3q1 of P
15 along the Segre variety S. Note that, in the notation of
Propositions 6.6, 6.9 we have the following commutative diagram
X p3q
X p3q1 X p3q21
P15 W P15˚
pi1ˆpi2 pi2ˆpi3
where the rational map X p3q1 99K X p3q
2
1 is induced by the automorphism Z
inv : X p3q Ñ X p3q in
Proposition 6.9. Note that by Proposition 6.6 X p3q21 is the only small Q-factorial modification of
Xp3q1, and X p3q1 99K X p3q
2
1 is the flop associated to the small contraction induced by D2. Indeed,
D2 has zero intersection with the strict transform of a line secant to S, and the strict transform
of Sec2pSq is the exceptional locus of the small contraction X p3q1 Ñ Y induced by D2. So, even
though X p3q1 and X p3q
2
1 are abstractly isomorphic, crossing the wall generated by D2 we get a
non-trivial flop among them, and hence in the Mori chamber decomposition the wall rD2, E2s, that
we could not see in the stable base locus decomposition, appears.
Now, consider Qp3q Ă X p3q. Propositions 6.3 and 6.9 yield that the Mori chamber and the stable
base locus chamber decompositions of EffpQp3qq coincide with the corresponding decompositions of
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EffpX p3q outside of the movable cone. On the other hand, arguing as we did for (4.19) in the proof
of Proposition 4.17 we have that MovpQp3qq “
@
D`
1
,D`
2
,D`
3
,D`M
D
, with D`M „ 6D
`
1
´3E`
1
´2E`
2
,
and by Theorem 3.13 we have NefpQp3qq “
@
D`
1
,D`
2
,D`
3
D
. Hence MovpQp3qq is subdivided in at
least two Mori chambers. Finally, by Proposition 6.3 and the first part of the proof we conclude
that MovpQp3qq is subdivided in exactly two Mori chambers which are also distinct stable base
locus chambers. 
Finally, for X p2,mq we have the following result.
Theorem 6.12. The Mori chamber decomposition of X p2,mq with m ě 3 consists of five chambers
described in the following 2-dimensional section of EffpX p2,mqq
E1
D2
D1 D3
E2
where MovpX p2,mqq “ NefpX p2,mqq “ xD1,D2,D3y. The stable base locus decomposition of
EffpX p2,mqq consists of four chambers and is obtained by removing the wall joining D2 with E2
in the picture above.
Proof. It is enough to argue as in the proof of Theorem 6.11. Note that as in the case of X p3q the
stable base locus of any divisor in the interior of the non convex chamber xD1,D2,D3, E2y along
with pD1, E2s and pD3, E2s is the divisor E2. On the other hand, since Mori chambers are convex
the wall joining D2 with E2 must appear in the Mori chamber decomposition. 
7. Pseudo-automorphisms
A birational map f : X 99K Y between two varieties is a pseudo-isomorphism if there are U Ď X,
V Ă Y open subsets whose complementary sets have codimension greater than or equal to two
such that fU : U Ñ V is an isomorphism. When X “ Y a pseudo-isomorphism f : X 99K X is
called a pseudo-automorphism of X. Essentially, a pseudo-automorphism of X is a birational map
f : X 99K X such that both f and f´1 do not contract any divisor. We will denote by PsAutpXq
the group of pseudo-automorphisms of X.
In this section we will prove that for spaces of complete forms the groups of automorphisms and
pseudo-automorphisms coincide. We begin by analyzing the relation between pseudo-automorphisms
and automorphisms of varieties of Picard number one, and of Fano varieties of any Picard number.
For a general account on automorphisms of Mori dream spaces we refer to [ADHL15, Section 4.2.4].
Lemma 7.1. Let f : X 99K Y be a birational map between normal projective varieties with the
same Picard number ρpXq “ ρpY q. If f does not contract any divisor in X then f´1 : Y 99K X
does not contract any divisor in Y , and hence X and Y are isomorphic in codimension one.
Furthermore, assume that EffpXq is finitely generated by r extremal rays, and that there exists a
birational morphism f : X Ñ Y onto a normal projective variety Y . Then there is an exact sequence
0Ñ PsAutpY q Ñ PsAutpXq Ñ Sr
where Sr is the symmetric group on r elements.
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Proof. Consider a resolution
Z
X Y
f
qp
Assume that there exists a divisor D Ă Y which is contracted by f´1. Then the strict transform
of D in Z is p-exceptional but not q-exceptional. Now, ρpXq “ ρpY q forces the existence of a
q-exceptional divisor D1 Ă Z which is not p-exceptional. Therefore, fpppD1qq Ă Y has codimension
greater than or equal to two, a contradiction.
Now, let us prove the second statement. The group PsAutpXq acts on the extremal rays of
EffpXq by permutations, and this gives us the morphism of groups PsAutpXq Ñ Sr. Now, assume
that φ P PsAutpXq induces the trivial permutation on the set of the extremal rays of EffpXq, and
consider the following commutative diagram
X X
Y Y
φ
φ
pipi
where φ is the rational map induced by φ. Assume that there exists a divisor D Ă Y contracted by
φ. Then the strict transform rD Ă X of D via pi is not pi-exceptional but since φ does not contract
any divisor φp rDq must be pi-exceptional. A contraction, since φ acts trivially on EffpXq. Finally,
the first part of the proof yields that φ is a pseudo-automorphism of Y . 
Proposition 7.2. Let X be a normal projective variety with PicpXq – Z, and let f : X 99K X be
a birational self-map of X not contracting any divisor. Then f is an automorphism. In particular
PsAutpXq – AutpXq
Furthermore, the isomorphism PsAutpXq – AutpXq also holds for smooth Fano varieties of arbi-
trary Picard number.
Proof. By Lemma 7.1 f´1 : X 99K X does not contract any divisor, so f is a pseudo-automorphism
of X. Now, consider the twisting sheaf OXp1q on X, and let i : X Ñ PpX,H
0pX,OX p1qq
˚q “
PN be the corresponding embedding. Since PicpXq – ZrOXp1qs for any ϕ P PsAutpXq we have
f˚OXp1q – OXp1q.
Now, since X is normal any rational section of OXp1q extends to a regular section, and hence f
yields an automorphism f of PN stabilizing ipXq – X. Therefore, f |ipXq : ipXq Ñ ipXq extends f .
Now, assume that X is a smooth Fano variety. Then Remark 4.3 yields that X is a Mori dream
space. This means thatX admits finitely many small Q-factorial transformationsX 99K Xi. Assume
that X has a pseudo-automorphism X 99K X which is not an automorphism. Since X 99K X is a
small Q-factorial transformation then we must have Xi – X for some i. In particular Xi is Fano,
and hence ´KX – ´KXi is in the interior of both the maximal chambers of the Mori chamber
decomposition of MovpXq corresponding to NefpXq and NefpXiq. A contradiction, since these two
chambers intersect at most along a wall. 
Remark 7.3. Consider the Mori dream space X pnq1 in Proposition 6.9. In this case Z
inv : X pnq Ñ
X pnq induces a pseudo-automorphism of X pnq1 which is not an automorphism. Indeed, in this case
X pnqn´1
1
is abstractly isomorphic to X pnq1, and
´KX pnq1 „ pn
2 ` 2n` 1qD1 ´ pn
2 ´ 1qE1
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Hence, Proposition 6.6 yields that X pnq1 is not Fano for any n ě 3. Note that X pnq1 is Fano for
n P t1, 2u while X p3q1 is weak Fano but not Fano.
Now, applying the techniques developed in [BM17], [MM14], [MM17], [Mas14], [Mas17], [FM17]
and [FM18] to deal with automorphisms of moduli spaces of curves and stable maps and in [AC17]
for moduli of parabolic vector bundles, we will finally compute the pseudo-automorphism group of
the spaces of complete forms. We will need the following preliminary result.
Lemma 7.4. Let X be a Cartesian product of projective spaces. Then, modulo an automorphism of
X, we may write X – pPn1qr1 ˆ ¨ ¨ ¨ ˆ pPnhqrh, where ri is the number of ni-dimensional projective
spaces appearing in the product X for i “ 1, . . . , h. Then
AutpXq – pSr1 ¸ PGLpn1 ` 1q
r1q ˆ ¨ ¨ ¨ ˆ pSrh ¸ PGLpnh ` 1q
rhq
where Sri is the symmetric group on ri elements.
Proof. Since X is a toric variety its Mori cone NEpXq is generated by the classes of toric invariant
curves, that is by the classes of a line in each factor of the product. Therefore, if φ P AutpXq is an
automorphism for any pii : X Ñ P
ni we have a commutative diagram of the following form
X X
Pnji Pni
φ´1
φ
piipiji
where nji “ ni. Therefore, φ P AutpXq yields a permutation σφ : Sr1 Ñ Sr1 , given by σφpiq “ ji,
and hence a surjective morphism of groups
χ : AutpXq ÝÑ Sr1 ˙ PGLpn1 ` 1q
r1
φ ÞÝÑ pσφ, φq
Assume h “ 1. If χpφq is the identity then φ´1 restricts to the identity on any fiber of pii for
i “ 1, . . . , r1, and hence χ is an isomorphism. If h ě 2 and χpφq is the identity then φ
´1 restricts
to an automorphism of any fiber of the projection X Ñ pPn1qr1 . Since such a fiber is isomorphic to
pPn2qr2 ˆ ¨ ¨ ¨ ˆ pPnhqrh we conclude by induction on h. 
Theorem 7.5. For the pseudo-automorphism group of X pn,mq we have
PsAutpX pn,mqq – AutpX pn,mqq –
"
PGLpn` 1q ˆ PGLpm` 1q if n ă m
pS2 ˙ pPGLpn ` 1q ˆ PGLpn` 1qqq ¸ S2 if n “ m ě 2
while PsAutpX p1qq – AutpX p1qq – PGLp4q.
Furthermore, the pseudo-automorphism group of Qpnq is given by PsAutpQpnqq – PGLpn`1q¸S2
if n ě 2 while PsAutpQp1qq – AutpQp1qq – PGLp3q.
Proof. Since by Corollary 3.21 X pn,mq is Fano, Proposition 7.2 yields an isomorphism of groups
PsAutpX pn,mqq – AutpX pn,mqq. Now, let φ P AutpX pn,mqq be an automorphism. Then φ must
act on the extremal rays of NefpX pn,mqq. If n ă m then Theorem 3.13 yields that this action must
be trivial since for instance h0pX pn,mq,Diq ‰ h
0pX pn,mq,Djq for any pair of generators Di ‰ Dj
of NefpX pn,mqq.
On the other hand, if n “ m then either this action is trivial or it switches Di with Dn`1´i
for i “ 1, . . . , n. We know that the latter is indeed realized by the distinguished automorphism
Zinv : X pnq Ñ X pnq in Proposition 6.9.
Therefore, if n ă m for any automorphism φ we have in particular that φ˚D1 “ D1, and hence
via the blow-up map f : X pnq Ñ PN in Construction 2.4 φ induces an automorphism φ of PN
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stabilizing the Segre variety S – Pn ˆ Pm. To conclude it is enough to observe that since X pn,mq
and PN are birational we have φ “ IdX pn,mq if and only if φ “ IdPN , and that since S Ă P
N
is non-degenerated the subgroup of PGLpN ` 1q stabilizing S is isomorphic to AutpSq. Finally,
Lemma 7.4 yields AutpSq – PGLpn` 1q ˆ PGLpm` 1q.
If n “ m ě 2 we have a surjective morphism AutpX pnqq Ñ S2 where S2 “ tIdX pnq, Z
invu.
Assume that the permutation induced by φ P AutpX pnqq is trivial. Then as before φ induces
an automorphism of PN preserving S – Pn ˆ Pn, and in this case Lemma 7.4 yields AutpSq –
S2 ˙ pPGLpn ` 1q ˆ PGLpn` 1qq. We get the exact sequence
0Ñ S2 ˙ pPGLpn` 1q ˆ PGLpn ` 1qq Ñ AutpX pnqq Ñ S2 Ñ 0
where the last morphism has a section. So the sequence split, and since the actions of S2 ˙
pPGLpn ` 1q ˆ PGLpn ` 1qq and S2 “ tIdX pnq, Z
invu on X pnq do not commute the semi-direct
product AutpX pnqq – pS2 ˙ pPGLpn ` 1q ˆ PGLpn ` 1qqq ¸ S2 is not direct. If n “ m “ 1 recall
that Construction 2.4 yields X p1q – P3.
For Qpnq, considering the Veronese variety V Ď PN` instead of the Segre variety S Ď PN , a
completely analogous argument works. 
Remark 7.6. It is well known that the Kontsevich moduli space M0,0pP
2, 2q, parametrizing degree
two stable maps from a nodal rational curve to P2, is isomorphic to the space of complete conics Qp2q
[FP97, Section 0.4]. Then Theorem 7.5 says in particular that AutpM0,0pP
2, 2qq – PGLp3q ¸ S2,
where PGLp3q acts by motions of the target P2, and the involution of S2 associates to a conic its
dual.
Corollary 7.7. Let X be an irreducible normal Q-factorial complete variety, and let AutopXq be
the connected component of the identity of AutpXq.
If X is isomorphic in codimension two to X pn,mq with pn,mq ‰ p1, 1q, then AutopXq – PGLpn`
1q ˆ PGLpm ` 1q. Similarly, if X is isomorphic in codimension two to Qpnq with n ě 2 then
AutopXq – PGLpn ` 1q.
Proof. Note that X is a Mori dream space, since it is a small Q-factorial modification of a Mori
dream space by Remark 4.3. Therefore, CoxpXq is finitely generated. Now, to conclude it is enough
to apply [ADHL15, Corollary 4.2.4.2] together with Theorem 7.5. 
Remark 7.8. As observed in the proof of Theorem 7.5, in the cases not covered in Corollary 7.7
the spaces of complete forms are projective spaces. Therefore, any irreducible normal Q-factorial
complete variety isomorphic in codimension two to them is a projective space as well.
Appendix A. Extremal rays of the movable cones
We present Maple scripts computing the extremal rays of the movable cone of the varieties
X pn,mq,X pnq,Qpnq. The scripts are based on Theorem 4.10 and [ADHL15, Proposition 3.3.2.3],
and require the Maple packages Convex 1.2.0 by M. Franz and LinearAlgebra .
By [ADHL15, Proposition 3.3.2.3] we have that if X is an irreducible, normal, complete variety
with finitely generated Cox ring then MovpXq is the intersection of the cones constructed by taking
all but one vectors among the vectors giving the grading of a fixed system of generators of CoxpXq.
Note that, for generators having at least two sections, it is then enough to consider two copies of
the grading vectors. This simple observation greatly reduces the computational complexity of the
problem.
Script A.1. Movable cone of X pn,mq for n ă m.
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B := Matrix(n+1,n+1):
for i to n+1 do for j to n+1 do if i = 1 then B[i,j] := j
else if i > j then B[i,j] := 0 else B[i,j] := i-j-1
end if; end if; end do; end do;
E := Matrix(n+1,n):
for i to n+1 do for j to n do if i = j+1 then E[i,j] := 1 else E[i,j] = 0
end if; end do; end do;
st := time[real]():
A := Matrix([B,B,E]); C := ColumnDimension(A); R := RowDimension(A);
for i to C do Deg[i] := [seq(A[j, i], j = 1..R)] end do;
Degaux := [seq(Deg[j], j = 1..C)];
for l to C do Coneaux[l] := poshull(op(subsop(l = NULL, Degaux))) end do;
for l to C do rays(Coneaux[l]) end do;
MovCone := intersection(seq(Coneaux[i], i = 1..C)); rays(MovCone);
numelems(rays(MovCone)); time[real]()-st
Script A.2. Movable cone of X pnq and Qpnq.
B := Matrix(n,n+1):
for i to n do for j to n+1 do if i = 1 then B[i,j] := j
else if i > j then B[i,j] := 0 else B[i,j] := i-j-1
end if; end if; end do; end do;
E := Matrix(n,n-1):
for i to n do for j to n-1 do if i = j+1 then E[i,j] := 1 else E[i,j] = 0
end if; end do; end do;
A := Matrix([B,B[1..n,1..n],E]); C := ColumnDimension(A); R := RowDimension(A);
st := time[real]():
for i to C do Deg[i] := [seq(A[j,i], j = 1..R)] end do;
Degaux := [seq(Deg[j], j = 1..C)];
for l to C do Coneaux[l] := poshull(op(subsop(l = NULL, Degaux))) end do;
for l to C do rays(Coneaux[l]) end do;
MovCone := intersection(seq(Coneaux[i], i = 1..C)); rays(MovCone);
numelems(rays(MovCone)); time[real]()-st
These scripts are reasonably fast. For instance, Script A.2 computes in 0.045 seconds the
rays of MovpX p3qq and MovpQp3qq in (4.19), and in 0.055 seconds the rays of MovpX p4qq and
MovpQp4qq, which with respect to the standard basis of PicpX p4qq and PicpQp4qq in Proposi-
tion 3.6 are the vectors p4,´3,´2,´1q, p3,´2,´1, 0q, p12,´8,´6,´3q, p1, 0, 0, 0q, p2,´1, 0, 0q,
p8,´4,´3,´2q, p16,´11,´6,´4q, p9,´4,´3, 0q.
On a regular laptop Script A.2 computes the 512 rays of MovpQp10qq in 2.527 seconds, the 4096
rays of MovpQp13qq in 447.010 seconds, and the 8192 rays of MovpQp14qq in 3207.981 seconds.
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